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Identities involving cyclic sums of regularized multiple zeta
values each of depth less than 5
Machide, Tomoya˚ :
Abstract
In the present paper, we give identities involving cyclic sums of regularized multiple
zeta values of depth less than 5. As a corollary, we present two kinds of extensions of
Hoffman’s theorem for symmetric sums of multiple zeta values for this case.
1 Introduction and statement of results
Multiple zeta values (MZVs) and their generalizations, which are called regularized multiple
zeta values (RMZVs), are real numbers that are variations of special values of the Riemann
zeta function ζ1psq “
ř8
m“1 1{m
s with integer arguments. It is known that these values
satisfy a great many relations over Q, including, for example, extended harmonic and shuffle
relations, Drinfel’d associator relations, and Kawashima’s relations (e.g., see [2, 7, 8]). New
classes of relations are being studied, but their exact structure is not yet fully understood. In
the present paper, we give new identities involving cyclic sums of RMZVs of depth less than
5. As a corollary, we offer two kinds of extensions of Hoffman’s theorem [4, Theorem 2.2] for
symmetric sums of MZVs for this case.
We will begin by introducing the notation and terminology that will be used to state our
results. An MZV is a convergent series defined by
ζnplnq :“
ÿ
m1ą¨¨¨ąmną0
1
ml11 ¨ ¨ ¨m
ln
n
,
where ln “ pl1, . . . , lnq is an (ordered) index set of positive integers with l1 ě 2. In other
words, MZVs are images under the real-valued function ζn with the domain tpl1, . . . , lnq P
Nn | l1 ě 2u. We call wnplnq “ l1 ` ¨ ¨ ¨ ` ln the weight, and dnplnq “ n the depth. Ihara,
Kaneko, and Zagier [7] extended MZVs to two types of RMZV (harmonic and shuffle) with
two different renormalization procedures for divergent series ζnplnq of l1 “ 1. The former
and latter types are denoted by ζ˚nplnq and ζ
x
n plnq, and they inherit the harmonic and shuffle
relation structures, respectively. The following are a few examples of these values: ζ˚1 p1q “
ζx1 p1q “ ζ
x
2 p1, 1q “ 0 and ζ
˚
2 p1, 1q “ ´ζ1p2q{2 ‰ 0. In other words, RMZVs ζ
˚
nplnq and ζ
x
n plnq
are images under two different extension functions of ζn to the domain N
n.
Let Sn denote the symmetric group of degree n, and let e “ en denote its unit element.
Let C3 and C4 be the cyclic subgroups in S3 and S4 given by C3 “ xp123qy “ te, p123q, p132qu
and C4 “ xp1234qy “ te, p1234q, p13qp24q, p1432qu, respectively. We set C2 “ xp12qy (or
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C2 “ S2) for convenience. The group ring ZrSns of Sn over Z acts on a function f of n
variables in a natural way by
pf |Γqpx1, . . . , xnq :“
ř
aifpxσ´1p1q, . . . , xσ´1pnqq,
where Γ “
ř
aiσi P ZrSns. This is a right action, that is, f |pΓ1Γ2q “ pf |Γ1q|Γ2. For a subset
H in Sn, we define the sum of all elements in H by
ΣH :“
ř
σPH
σ P ZrSns.
That is, pf |ΣHqpx1, . . . , xnq is
ř
σPH fpxσ´1p1q, . . . , xσ´1pnqq. In particular, if H is a group,
it is
ř
σPH fpxσp1q, . . . , xσpnqq because H “ H
´1. For real-valued functions fn1 , . . . , fnj such
that each fni has ni variables, we define the function fn1 b ¨ ¨ ¨ b fnj of n “ n1 ` ¨ ¨ ¨ ` nj
variables by
fn1 b fn2 b ¨ ¨ ¨ b fnjpx1, . . . , xnq
:“ fn1px1, . . . , xn1qfn2pxn1`1, . . . , xn1`n2q ¨ ¨ ¨ fnjpxn1`n2`¨¨¨`nj´1`1, . . . , xnq.
For example, ζ1bζ1pl2q “ ζ1pl1qζ1pl2q and ζ2bζ1pl3q “ ζ2pl1, l2qζ1pl3q. Note that the operation
b is not commutative. We define the characteristic functions χ˚n and χ
x
n of the set N
n by
χ˚nplnq “ 1nplnq “ 1 and χ
x
n plnq “
#
0 pl1 “ ¨ ¨ ¨ “ ln “ 1q,
1 potherwiseq,
respectively.
Our results are stated as follows.
THEOREM 1.1. Let ln “ pl1, . . . , lnq be an index set in N
n, and let Ln “ wnplnq be its
weight. Then we have the following identities for RMZVs ζ˚nplnq and ζ
x
n plnq of n “ 2, 3, and
4:
pζ:2|ΣC2qpl2q “ ζ
:
1 b ζ
:
1pl2q ´ χ
:
2pl2qζ1pL2q, (1.1)
pζ:3|ΣC3qpl3q “ ´ζ
:
1 b ζ
:
1 b ζ
:
1pl3q ` pζ
:
2 b ζ
:
1|ΣC3qpl3q ` χ
:
3pl3qζ1pL3q, (1.2)
pζ:4|ΣC4qpl4q “ ζ
:
1 b ζ
:
1 b ζ
:
1 b ζ
:
1pl4q ´ pζ
:
2 b ζ
:
1 b ζ
:
1|ΣC4qpl4q
`pζ:2 b ζ
:
2|ΣC04qpl4q ` pζ
:
3 b ζ
:
1|ΣC4qpl4q ´ χ
:
4pl4qζ1pL4q, (1.3)
where : P t˚,xu, and C04 in (1.3) is the subset te, p1234qu of C4.
We note that (1.1) can be easily obtained from the harmonic relations ζ˚1 pl1qζ
˚
1 pl2q “
ζ˚2 pl1, l2q ` ζ
˚
2 pl2, l1q ` ζ
˚
1 pl1 ` l2q for RMZVs of harmonic type of depth 2; thus our main
results are (1.2) and (1.3) (see Section 5 for their straightforward expressions).
We now recall Hoffman’s theorem. For any partition Π “ tP1, . . . , Pju of t1, . . . , nu, we
define an integer c˜npΠq and a real number ζ1pln; Πq by
c˜npΠq :“ p´1q
n´j
jź
i“1
p|Pi| ´ 1q! and ζ1pln; Πq :“
jź
i“1
ζ1
˜ÿ
pPPi
lp
¸
, (1.4)
respectively, where |P | is the number of elements of the set P , and ζ1p1q stands for 0 p“ ζ
:
1p1qq.
(The value ζ1p1q is not necessary for Hoffman’s theorem, but we will use it in Corollary 1.2,
2
below.) Hoffman [4, Theorem 2.2] proved the following identity involving symmetric sums of
MZVs of depth n:
pζn|ΣSnqplnq “
ÿ
partitions Π of t1,...,nu
c˜npΠqζ1pln; Πq, (1.5)
where every component of ln is at least 2. Note that (1.5) was proved under the weaker
condition that ln is an index set sn of real numbers greater than 1.
We require some notation to state Corollary 1.2 of Theorem 1.1. For any subset P “
tp1, . . . , pmu of t1, . . . , nu, let χ
xpln;P q be 0 if lp “ 1 for all p P P , and 1 otherwise. For
example, χxpp2, 1, 1q; t2, 3uq “ 0, and χxpp2, 1, 1q; t1, 2uq “ χxpp2, 1, 1q; t1, 3uq “ 1. In other
words, χxpln;P q “ χ
x
mplp1 , . . . , lpmq. We then define the real numbers ζ
˚
1 pln; Πq and ζ
x
1 pln; Πq
by
ζ˚1 pln; Πq :“ ζ1pln; Πq and ζ
x
1 pln; Πq :“
jź
i“1
χxpln;Piqζ1
˜ÿ
pPPi
lp
¸
,
respectively.
Corollary 1.2 is stated as follows.
COROLLARY 1.2. Let ln and : be as in Theorem 1.1. For any n P t2, 3, 4u,
pζ:n|ΣSnqplnq “
ÿ
partitions Π of t1,...,nu
c˜npΠqζ
:
1pln; Πq. (1.6)
For a depth less than 5, we can easily deduce (1.5) from (1.6), since ζ:nplnq “ ζnplnq and
ζ
:
1pln; Πq “ ζ1pln; Πq when l1, . . . , ln ą 1. This means that we obtain two kinds of extensions
of (1.5) for such a depth.
We now briefly explain how Theorem 1.1 and Corollary 1.2 can be proved. We first prove
the identities in Theorem 1.1 for : “ ˚ by using harmonic relations of RMZVs ζ˚nplnq. We
then derive the identities for : “ x from those for : “ ˚ and relations over Q between RMZVs
ζ˚nplnq and ζ
x
n plnq given in [7, Theorem 1] (which we call renormalization relations). We prove
Corollary 1.2 by using the identities in Theorem 1.1 and the fact that Cn is a subgroup of
Sn, i.e., pζ
:
n|ΣCnqplnq is a partial sum of pζ
:
n|ΣSnqplnq.
It is worth noting that Theorem 1.1 gives the following property, which is an analog of
the parity property [1, 3, 7, 12]; any cyclic sum of RMZVs of depth less than 5, or
pζ:n|ΣCnqplnq “
nÿ
j“1
ζ:nplj , . . . , ln, l1, . . . , lj´1q (1.7)
for n “ 2, 3, 4 and : P t˚,xu, is a linear combination of the Riemann zeta value ζ1pl1`¨ ¨ ¨`lnq
and products of RMZVs of smaller depth and weight. It appears that the existence of such
a property for depths greater than 4 is an open problem. (The case of symmetric sums of
general depth easily follows from Hoffman’s identity (1.5); there is a stronger property from
(1.5), such that any symmetric sum can be written in terms of only Riemann zeta values.)
It is also worth noting that Hoffman and Ohno [6] studied a class of relations involving
nÿ
j“1
ζnplj ` 1, lj`1, . . . , ln, l1, . . . , lj´1q,
whose form is quite similar to (1.7), but the first indices differ.
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The paper is organized as follows. In Section 2, we review some facts of RMZVs by
referring to [5, 7]. Sections 3 and 4 each have two subsections. Sections 3.1 and 3.2 are devoted
to calculating harmonic relations for RMZVs ζ˚nplnq and renormalization relations between
RMZVs ζ˚nplnq and ζ
x
n plnq, respectively, for depths less than 5. We then prove Theorem 1.1
in Section 4.1 and Corollary 1.2 in Section 4.2. We give some examples of Theorem 1.1 and
Corollary 1.2 in Section 5.
REMARK . (i) Although the ideas of the proofs are the same, the computational complexity
of proving (1.3) is much greater than that required to prove (1.1) and (1.2). We recommend
that, on first reading, those readers who are interested only in the ideas skip over the state-
ments relating to the proof of (1.3) (or statements in the case of depth 4). (ii) The present
paper is an expansion of Section 2.1 in [9]. The remainder of the results of [9] will be amplified
in a forthcoming paper [10].
2 Preparation
Let H “ Qxx, yy be the noncommutative polynomial algebra over Q in two indeterminates x
and y, and let H0 and H1 be its subalgebras Q`xHy and Q`Hy, respectively. These satisfy
the inclusion relations H0 Ă H1 Ă H. Let zl denote x
l´1y for any integer l ě 1. Every word
w “ w0y in the set tx, yu with terminal letter y is expressed as w “ zl1 ¨ ¨ ¨ zln uniquely, and
so H1 is the free algebra generated by zl pl “ 1, 2, 3, . . .q. We define the harmonic product ˚
on H1 inductively by
1 ˚ w “ w ˚ 1 “ w, (2.1)
zkw1 ˚ zlw2 “ zkpw1 ˚ zlw2q ` zlpzkw1 ˚ w2q ` zk`lpw1 ˚ w2q, (2.2)
for any integers k, l ě 1 and words w,w1, w2 P H
1, and then extend it by Q-bilinearity. This
product gives the subalgebras H0 and H1 structures of commutative Q-algebras [5], which we
denote by H0˚ and H
1
˚, respectively; note that H
0
˚ is a subalgebra of H
1
˚. In a similar way,
we can define the shuffle product x on H1 and the commutative Q-algebras H0
x
and H1
x
(see
[7, 11] for details).
Let Z : H0 Ñ R be the Q-linear map (evaluation map) given by
Zpzl1 ¨ ¨ ¨ zlnq “ ζnplnq pzl1 ¨ ¨ ¨ zln P H
0q. (2.3)
We know from [5] that Z is homomorphic on both products ˚ and x, i.e.,
Zpw1 ˚ w2q “ Zpw1 x w2q “ Zpw1qZpw2q
for w1, w2 P H
0. Let RrT s be the polynomial ring in a single indeterminate with real co-
efficients. Through the isomorphisms H1˚ » H
0
˚rys and H
1
x
» H0
x
rys, which were proved in
[5] and [11], respectively, Ihara et al. [7, Proposition 1] considered the algebra homomor-
phisms Z˚ : H1˚ Ñ RrT s and Z
x : H1
x
Ñ RrT s, respectively, which are uniquely characterized
by the property that they extend the evaluation map Z and send y to T . For any word
w “ zl1 ¨ ¨ ¨ zln P H
1, we denote by Z˚
ln
pT q and Zx
ln
pT q the images under the maps Z˚ and Zx ,
respectively, of the word w, that is,
Z˚l1,...,lnpT q “ Z
˚pzl1 ¨ ¨ ¨ zlnq and Z
x
l1,...,ln
pT q “ Zxpzl1 ¨ ¨ ¨ zlnq. (2.4)
(The notation Z˚
ln
pT q and Zx
ln
pT q will be used when we focus on the variable T and the
corresponding index set ln of the word zl1 ¨ ¨ ¨ zln .) Then the RMZVs ζ
˚plnq and ζ
xplnq of the
harmonic and shuffle types are defined as
ζ˚pl1, . . . , lnq :“ Z
˚
l1,...,ln
p0q and ζxpl1, . . . , lnq :“ Z
x
l1,...,ln
p0q, (2.5)
4
respectively. Obviously, ζ˚nplnq “ ζ
x
n plnq “ ζnplnq if l1 ą 1. We have
Z˚pzk1 ¨ ¨ ¨ zkm ˚ zl1 ¨ ¨ ¨ zlnq “ Z
˚pzk1 ¨ ¨ ¨ zkmqZ
˚pzl1 ¨ ¨ ¨ zlnq
for index sets pk1, . . . , kmq and pl1, . . . , lnq, since Z
˚ is homomorphic, and so we see from the
first equations of (2.4) and (2.5) that the RMZVs ζ˚nplnq satisfy the harmonic relations. In
Section 3.1, we will calculate these relations in detail for depths less than 5. (We can also see
that the RMZVs ζxn plnq satisfy the shuffle relations since Z
x is homomorphic, but we will
not discuss this in the present paper.)
Let Apuq “
ř8
k“0 γku
k be the Taylor expansion of eγuΓp1 ` uq near u “ 0, where γ is
Euler’s constant and Γpxq is the gamma function. The renormalization map ρ : RrT s Ñ RrT s
is an R-linear map defined by
ρpeTuq “ ApuqeTu. (2.6)
That is, images ρpTmq are determined by comparing the coefficients of um on both sides of
(2.6), and expressed as
ρpTmq “ m!
mÿ
i“0
γi
Tm´i
pm´ iq!
pm “ 0, 1, 2, . . .q. (2.7)
Then the renormalization formula proved by Ihara et al. [7, Theorem 1] is
ρpZ˚
ln
pT qq “ Zx
ln
pT q. (2.8)
Combining (2.5) and (2.8) with T “ 0, we can obtain relations between RMZVs ζ˚nplnq and
ζxn plnq, or renormalization relations. In Section 3.2, we will calculate these relations in detail
for depths less than 5.
3 Relations
3.1 Harmonic relations
We begin by defining the notation that we will use to state the harmonic relations of RMZVs
ζ˚nplnq of depth less than 5 in terms of real-valued functions.
We first define analogs of the weight map wn : N
n Ñ N of depth n. For positive integers
n1, . . . , nj , and n with n1 ` ¨ ¨ ¨ ` nj “ n, we define the map w
pn1,...,njq
n from Nn to Nj by
w
pn1,...,njq
n :“ wn1 b ¨ ¨ ¨ b wnj . (3.1)
For example, w
p2,1q
3 pl1, l2, l3q “ pl1` l2, l3q and w
p1,2,1q
4 pl1, l2, l3, l4q “ pl1, l2` l3, l4q. Obviously,
w
pnq
n “ wn. We define a subset U3 in S3 as
U3 “ te3, p23q, p123qu, (3.2)
and subsets U4, V
0
4 , V4, W
0
4 , W
1
4 , W4, and X4 in S4 as
U4 “ te4, p34q, p234q, p1234qu, (3.3)
V 04 “ tp23q, p1243qu,
V4 “ te4, p13qp24q, p123q, p243qu Y V
0
4 , (3.4)
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W 04 “ tp23q, p24qu,
W 14 “ tp34q, p1234q, p1243q, p1324qu YW
0
4 , (3.5)
W4 “ te4, p13qp24q, p123q, p124q, p234q, p243qu YW
1
4 ,
X4 “ tp14q, p23qu Y C4. (3.6)
We have the inclusion relations V 04 Ă V4 and W
0
4 Ă W
1
4 Ă W4. We denote by A3 and A4
the alternating groups of degree 3 and 4, respectively. Note that A3 “ C3. The operator ˝
of the function composition satisfies the distributive law, i.e., p
ř
i fiq ˝ p
ř
j gjq “
ř
i,j fi ˝ gj ,
for real-valued functions fi with domain N
n and vector-valued functions gj whose images are
included in Nn. We use the symbol f ˝ g|σ for both pf ˝ gq|σ and f ˝ pg|σq for any σ P Sn
since, by definition, they are equal.
REMARK 3.1. For integers l, n with 1 ď j ď n ´ 1, let sh
pnq
j be the shuffle elements given
in [7], which are elements in QrSns and defined as
sh
pnq
j :“
ÿ
σPSnˆ
σp1qă¨¨¨ăσpjq
σpj`1qă¨¨¨ăσpnq
˙
σ.
The elements ΣU3 , ΣU4 , and ΣV4 are equal to sh
p3q
2 , sh
p4q
3 , and sh
p4q
2 , respectively. The element
ΣW4 cannot be written in terms of only a shuffle element, but it is equal to ΣV4Σxp34qy “
sh
p4q
2 Σxp34qy, as we will see in (3.35), below.
The harmonic relations we desire are listed below. For brevity, we will denote by ζ˚n
bm
the function ζ˚n b ¨ ¨ ¨ b ζ
˚
nloooooomoooooo
m
of mn variables.
PROPOSITION 3.2 (Case of depth 2). We have
ζ˚1
b2 “ ζ˚2 |ΣC2 ` ζ1 ˝ w2. (3.7)
PROPOSITION 3.3 (Case of depth 3). We have
ζ˚2 b ζ
˚
1 “ ζ
˚
3 |ΣU3 ` ζ
˚
2 ˝ pw
p2,1q
3 |p123q ` w
p1,2q
3 q, (3.8)
ζ˚1
b3 “ ζ˚3 |ΣS3 ` ζ
˚
2 ˝ pw
p2,1q
3 ` w
p1,2q
3 q|ΣC3 ` ζ1 ˝ w3. (3.9)
PROPOSITION 3.4 (Case of depth 4). We have
ζ˚3 b ζ
˚
1 “ ζ
˚
4 |ΣU4 ` ζ
˚
3 ˝
`
pw
p2,1,1q
4 ` w
p1,2,1q
4 q|p234q ` w
p1,1,2q
4
˘
, (3.10)
ζ˚2
b2 “ ζ˚4 |ΣV4 ` ζ
˚
3 ˝ pw
p2,1,1q
4 ` w
p1,2,1q
4 ` w
p1,1,2q
4 q|ΣV 04 ` ζ
˚
2 ˝ w
p2,2q
4 |p23q, (3.11)
ζ˚2 b ζ
˚
1
b2 “ ζ˚4 |ΣW4
`ζ˚3 ˝
`
w
p2,1,1q
4 |ΣW 14,p34q
` w
p1,2,1q
4 |ΣW 14,p1234q
` w
p1,1,2q
4 |ΣW 14,p1324q
˘
(3.12)
`ζ˚2 ˝
`
w
p2,2q
4 |ΣW 04 ` w
p3,1q
4 |p24q ` w
p1,3q
4
˘
,
ζ˚1
b4 “ ζ˚4 |ΣS4 ` ζ
˚
3 ˝ pw
p2,1,1q
4 ` w
p1,2,1q
4 ` w
p1,1,2q
4 q|ΣA4
`ζ˚2 ˝
`
w
p2,2q
4 |ΣX4 ` pw
p3,1q
4 ` w
p1,3q
4 q|ΣC4
˘
` ζ1 ˝ w4, (3.13)
where W 14,σ pσ P tp34q, p1234q, p1324quq in (3.12) mean the subsets W
1
4 ztσu.
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We will show Lemmas 3.5, 3.6, and 3.7 to prove Propositions 3.2, 3.3, and 3.4, respectively.
These calculate the harmonic products of the generators zl of H
1
˚ for the corresponding depths.
LEMMA 3.5 (Case of depth 2). For positive integers l1, l2, we have
zl1 ˚ zl2 “ zl1zl2 ` zl2zl1 ` zl1`l2 . (3.14)
LEMMA 3.6 (Case of depth 3). For positive integers l1, l2, l3, we have
zl1zl2 ˚ zl3 “ zl1zl2zl3 ` zl1zl3zl2 ` zl3zl1zl2 ` zl1`l3zl2 ` zl1zl2`l3 , (3.15)
zl1 ˚ zl2 ˚ zl3 “ zl1zl2zl3 ` zl1zl3zl2 ` zl2zl1zl3 ` zl2zl3zl1 ` zl3zl1zl2 ` zl3zl2zl1
`zl1`l2zl3 ` zl1`l3zl2 ` zl2`l3zl1 (3.16)
`zl1zl2`l3 ` zl2zl1`l3 ` zl3zl1`l2 ` zl1`l2`l3 .
LEMMA 3.7 (Case of depth 4). For positive integers l1, l2, l3, l4, we have
zl1zl2zl3 ˚ zl4 “ zl1zl2zl3zl4 ` zl1zl2zl4zl3 ` zl1zl4zl2zl3 ` zl4zl1zl2zl3
`zl1`l4zl2zl3 ` zl1zl2`l4zl3 ` zl1zl2zl3`l4 , (3.17)
zl1zl2 ˚ zl3zl4 “ zl1zl2zl3zl4 ` zl1zl3zl2zl4 ` zl1zl3zl4zl2
`zl3zl1zl2zl4 ` zl3zl1zl4zl2 ` zl3zl4zl1zl2
`zl1`l3zl2zl4 ` zl1`l3zl4zl2 ` zl1zl2`l3zl4 (3.18)
`zl3zl1`l4zl2 ` zl1zl3zl2`l4 ` zl3zl1zl2`l4 ` zl1`l3zl2`l4 ,
zl1zl2 ˚ zl3 ˚ zl4 “ zl1zl2 ˚ zl3zl4 ` zl1zl2 ˚ zl4zl3
`zl3`l4zl1zl2 ` zl1zl3`l4zl2 ` zl1zl2zl3`l4 (3.19)
`zl1`l3`l4zl2 ` zl1zl2`l3`l4 ,
zl1 ˚ zl2 ˚ zl3 ˚ zl4 “ zl1zl2 ˚ zl3 ˚ zl4 ` zl2zl1 ˚ zl3 ˚ zl4
`zl1`l2zl3zl4 ` zl1`l2zl4zl3 ` zl3zl1`l2zl4 ` zl4zl1`l2zl3
`zl3zl4zl1`l2 ` zl4zl3zl1`l2 ` zl1`l2zl3`l4 ` zl3`l4zl1`l2 (3.20)
`zl1`l2`l3zl4 ` zl1`l2`l4zl3 ` zl3zl1`l2`l4 ` zl4zl1`l2`l3
`zl1`l2`l3`l4 .
Proof of Lemma 3.5. Identity (3.14) follows from (2.1) and (2.2) with w1 “ w2 “ 1. l
Proof of Lemma 3.6. We see from (2.1), (2.2), and (3.14) that
zl1zl2 ˚ zl3 “ zl1pzl2 ˚ zl3q ` zl3pzl1zl2 ˚ 1q ` zl1`l3pzl2 ˚ 1q
“ zl1pzl2zl3 ` zl3zl2 ` zl2`l3q ` zl3zl1zl2 ` zl1`l3zl2
“ zl1zl2zl3 ` zl1zl3zl2 ` zl3zl1zl2 ` zl1`l3zl2 ` zl1zl2`l3 ,
which proves (3.15). We see from (3.14) and (3.15) that
zl1 ˚ zl2 ˚ zl3 “ pzl1zl2 ` zl2zl1 ` zl1`l2q ˚ zl3
“ zl1zl2 ˚ zl3 ` zl2zl1 ˚ zl3 ` zl1`l2 ˚ zl3
“ zl1zl2zl3 ` zl1zl3zl2 ` zl3zl1zl2 ` zl1`l3zl2 ` zl1zl2`l3
`zl2zl1zl3 ` zl2zl3zl1 ` zl3zl2zl1 ` zl2`l3zl1 `l2 zl1`l3
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`zl1`l2zl3 ` zl3zl1`l2 ` zl1`l2`l3 ,
which proves (3.16), and completes the proof. l
Proof of Lemma 3.7. We see from (2.1), (2.2), and (3.15) that
zl1zl2zl3 ˚ zl4 “ zl1pzl2zl3 ˚ zl4q ` zl4pzl1zl2zl3 ˚ 1q ` zl1`l4pzl2zl3 ˚ 1q
“ z1pzl2zl3zl4 ` zl2zl4zl3 ` zl4zl2zl3 ` zl2`l4zl3 ` zl2zl3`l4q
`zl4zl1zl2zl3 ` zl1`l4zl2zl3
“ zl1zl2zl3zl4 ` zl1zl2zl4zl3 ` zl1zl4zl2zl3 ` zl4zl1zl2zl3
`zl1`l4zl2zl3 ` zl1zl2`l4zl3 ` zl1zl2zl3`l4 ,
which proves (3.17). We see from (2.2), (3.14), and (3.15) that
zl1zl2 ˚ zl3zl4 “ zl1pzl2 ˚ zl3zl4q ` zl3pzl1zl2 ˚ zl4q ` zl1`l3pzl2 ˚ zl4q
“ zl1pzl3zl4zl2 ` zl3zl2zl4 ` zl2zl3zl4 ` zl3`l2zl4 ` zl3zl4`l2q
`zl3pzl1zl2zl4 ` zl1zl4zl2 ` zl4zl1zl2 ` zl1`l4zl2 ` zl1zl2`l4q
`zl1`l3pzl2zl4 ` zl4zl2 ` zl2`l4q
“ zl1zl2zl3zl4 ` zl1zl3zl2zl4 ` zl1zl3zl4zl2 ` zl3zl1zl2zl4
`zl3zl1zl4zl2 ` zl3zl4zl1zl2 ` zl1`l3zl2zl4 ` zl1`l3zl4zl2
`zl1zl2`l3zl4 ` zl3zl1`l4zl2 ` zl1zl3zl2`l4 ` zl3zl1zl2`l4 ` zl1`l3zl2`l4 ,
which proves (3.18). We see from (3.14) and (3.15) that
zl1zl2 ˚ zl3 ˚ zl4 “ zl1zl2 ˚ pzl3zl4 ` zl4zl3 ` zl3`l4q
“ zl1zl2 ˚ zl3zl4 ` zl1zl2 ˚ zl4zl3 ` zl1zl2 ˚ zl3`l4
“ zl1zl2 ˚ zl3zl4 ` zl1zl2 ˚ zl4zl3
`zl1zl2zl3`l4 ` zl1zl3`l4zl2 ` zl3`l4zl1zl2 ` zl1`l3`l4zl2 ` zl1zl2`l3`l4 ,
which proves (3.19). We see from (3.14) and (3.16) that
zl1 ˚ zl2 ˚ zl3 ˚ zl4 “ pzl1zl2 ` zl2zl1 ` zl1`l2q ˚ zl3 ˚ zl4
“ zl1zl2 ˚ zl3 ˚ zl4 ` zl2zl1 ˚ zl3 ˚ zl4 ` zl1`l2 ˚ zl3 ˚ zl4
“ zl1zl2 ˚ zl3 ˚ zl4 ` zl2zl1 ˚ zl3 ˚ zl4
`zl1`l2zl3zl4 ` zl1`l2zl4zl3 ` zl3zl1`l2zl4 ` zl4zl1`l2zl3
`zl3zl4zl1`l2 ` zl4zl3zl1`l2 ` zl1`l2`l3zl4 ` zl1`l2`l4zl3 ` zl3`l4zl1`l2
`zl1`l2zl3`l4 ` zl3zl1`l2`l4 ` zl4zl1`l2`l3 ` zl1`l2`l3`l4 ,
which proves (3.20), and completes the proof. l
We are now in a position to prove Propositions 3.2 and 3.3.
Proof of Proposition 3.2. Let l2 “ pl1, l2q be an index set in N
2. Applying the map Z˚ to
both sides of (3.14) and substituting T “ 0, we obtain
ζ˚1 pl1qζ
˚
1 pl2q “ ζ
˚
2 pl1, l2q ` ζ
˚
2 pl2, l1q ` ζ
˚
1 pl1 ` l2q “
ÿ
σPC2
ζ˚2 plσ´1p1q, lσ´1p2qq ` ζ
˚
1 pl1 ` l2q.
We thus have
ζ˚1
b2pl2q “ pζ
˚
2 |ΣC2qpl2q ` ζ
˚
1 ˝ w2pl2q,
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which proves (3.7) because l2 is arbitrary and ζ
˚
1 ˝ w2pl2q “ ζ1 ˝ w2pl2q by w2pl2q ě 2. l
Proof of Proposition 3.3. Let l3 “ pl1, l2, l3q be an index set in N
3. Applying the map Z˚ to
both sides of (3.15) and substituting T “ 0, we obtain
ζ˚2 pl1, l2qζ
˚
1 pl3q
“ ζ˚3 pl1, l2, l3q ` ζ
˚
3 pl1, l3, l2q ` ζ
˚
3 pl3, l1, l2q ` ζ
˚
2 pl1 ` l3, l2q ` ζ
˚
2 pl1, l2 ` l3q
“
ÿ
σPU3
ζ˚3 plσ´1p1q, lσ´1p2q, lσ´1p3qq ` ζ
˚
2 plτ´1p1q ` lτ´1p2q, lτ´1p3qq ` ζ
˚
2 pl1, l2 ` l3q,
where τ “ p123q. We thus have
ζ˚2 b ζ
˚
1 pl3q “ pζ
˚
3 |ΣU3qpl3q ` pζ
˚
2 ˝ w
p2,1q
3 |p123qqpl3q ` ζ
˚
2 ˝ w
p1,2q
3 pl3q,
which proves (3.8). In a similar way, we obtain from (3.16) that
ζ˚1
b3pl3q “ pζ
˚
3 |ΣS3qpl3q ` pζ
˚
2 ˝ pw
p2,1q
3 ` w
p1,2q
3 q|ΣC3qpl3q ` ζ
˚
1 ˝ w3pl3q,
which proves (3.9). l
We require another lemma for the proof of Proposition 3.4, since the proof is more com-
plicated than those of Propositions 3.2 and 3.3.
LEMMA 3.8. Let id “ id4 mean the identity map on N
4. We have the following equations
in maps with the domain N4:
(i)
w
p2,2q
4 |p23qΣxp34qy “ w
p2,2q
4 |ΣW 04 , (3.21)
w
pi,j,kq
4 |ΣV 04 Σxp34qy “
$&%w
pi,j,kq
4 |pΣW 14 ´ p34q ´ p1324qq ppi, j, kq P Iq,
w
pi,j,kq
4 |pΣW 14 ´ p24q ´ p1234qq ppi, j, kq “ p1, 2, 1qq,
(3.22)
id|ΣV4Σxp34qy “ id|ΣW4 , (3.23)
where I in (3.22) means the set tp2, 1, 1q, p1, 1, 2qu.
(ii)
w
p3,1q
4 |p24qΣxp12qy “ w
p3,1q
4 |pΣC4 ´ e´ p1234qq, (3.24)
w
p1,3q
4 |Σxp12qy “ w
p1,3q
4 |pΣC4 ´ p13qp24q ´ p1234qq, (3.25)
w
p2,2q
4 |ΣW 04Σxp12qy “ w
p2,2q
4 |pΣX4 ´ e´ p13qp24qq, (3.26)
w
p2,1,1q
4 |ΣW 14,p34q
Σxp12qy “ w
p2,1,1q
4 |pΣA4 ´ e´ p12qp34qq, (3.27)
w
p1,2,1q
4 |ΣW 14,p1234q
Σxp12qy “ w
p1,2,1q
4 |pΣA4 ´ p123q ´ p134qq, (3.28)
w
p1,1,2q
4 |ΣW 14,p1324q
Σxp12qy “ w
p1,1,2q
4 |pΣA4 ´ p13qp24q ´ p14qp23qq, (3.29)
id|ΣW4Σxp12qy “ id|ΣS4 . (3.30)
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We now prove Proposition 3.4. We will then discuss a proof of Lemma 3.8.
Proof of Proposition 3.4. Let l4 “ pl1, l2, l3, l4q be an index set in N
4. Applying the map Z˚
to both sides of (3.17) and substituting T “ 0, we obtain
ζ˚3 pl1, l2, l3qζ
˚
1 pl4q
“ ζ˚4 pl1, l2, l3, l4q ` ζ
˚
4 pl1, l2, l4, l3q ` ζ
˚
4 pl1, l4, l2, l3q ` ζ
˚
4 pl4, l1, l2, l3q
`ζ˚3 pl1 ` l4, l2, l3q ` ζ
˚
3 pl1, l2 ` l4, l3q ` ζ
˚
3 pl1, l2, l3 ` l4q
“
ÿ
σPU4
ζ˚4 plσ´1p1q, lσ´1p2q, lσ´1p3q, lσ´1p4qq
`ζ˚3 plτ´1p1q ` lτ´1p2q, lτ´1p3q, lτ´1p4qq ` ζ
˚
3 plτ´1p1q, lτ´1p2q ` lτ´1p3q, lτ´1p4qq
`ζ˚3 pl1, l2, l3 ` l4q,
where τ “ p234q. We thus have
ζ˚3 b ζ
˚
1 pl4q “ pζ
˚
4 |ΣU4qpl4q ` ζ
˚
3 ˝ ppw
p2,1,1q
4 ` w
p1,2,1q
4 q|p234q ` w
p1,1,2q
4 qpl4q,
which proves (3.10). Similarly, we have by (3.18)
ζ˚2
b2pl4q
“ pζ˚4 |ΣV4qpl4q ` pζ
˚
3 ˝ pw
p2,1,1q
4 ` w
p1,2,1q
4 ` w
p1,1,2q
4 q|ΣV 04 qpl4q ` pζ
˚
2 ˝ w
p2,2q
4 |p23qqpl4q,
which proves (3.11).
As we have proved (3.10) and (3.11), we can deduce from (3.19) and (3.20) that
ζ˚2 b ζ
˚
1
b2 “ ζ˚2
b2|Σxp34qy ` ζ
˚
3 ˝
`
w
p2,1,1q
4 |p1324q `w
p1,2,1q
4 |p24q ` w
p1,1,2q
4 |p34q
˘
`ζ˚2 ˝
`
w
p3,1q
4 |p24q ` w
p1,3q
4
˘
(3.31)
and
ζ˚1
b4 “ ζ˚2 b ζ
˚
1
b2|Σxp12qy ` ζ
˚
3 ˝
`
w
p2,1,1q
4 |pe` p12qp34qq ` w
p1,2,1q
4 |pp123q ` p134qq
`w
p1,1,2q
4 |pp13qp24q ` p14qp23qq
˘
` ζ˚2 ˝
`
w
p2,2q
4 |pe` p13qp24qq (3.32)
`w
p3,1q
4 |pe` p1234qq ` w
p1,3q
4 |pp13qp24q ` p1234qq
˘
` ζ1 ˝ w4,
respectively. Combining (3.11) and the equations in (i) of Lemma 3.8, we obtain
ζ˚2
b2|Σxp34qy
“ ζ˚4 |ΣV4Σxp34qy ` ζ
˚
3 ˝ pw
p2,1,1q
4 ` w
p1,2,1q
4 `w
p1,1,2q
4 q|ΣV 04 Σxp34qy ` ζ
˚
2 ˝ w
p2,2q
4 |p23qΣxp34qy
“ ζ˚4 |ΣW4 ` ζ
˚
3 ˝
`
pw
p2,1,1q
4 ` w
p1,1,2q
4 q|pΣW 14 ´ p34q ´ p1324qq
`w
p1,2,1q
4 |pΣW 14 ´ p24q ´ p1234qq
˘
` ζ˚2 ˝ w
p2,2q
4 |ΣW 04 .
Substituting this into the right-hand side of (3.31) gives
ζ˚2 b ζ
˚
1
b2 “ ζ˚4 |ΣW4 ` ζ
˚
3 ˝ pw
p2,1,1q
4 ` w
p1,2,1q
4 ` w
p1,1,2q
4 q|ΣW 14
´ζ˚3 ˝
`
w
p2,1,1q
4 |p34q ` w
p1,2,1q
4 |p1234q ` w
p1,1,2q
4 |p1324q
˘
`ζ˚2 ˝
`
w
p2,2q
4 |ΣW 04 ` w
p3,1q
4 |p24q ` w
p1,3q
4
˘
,
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which proves (3.12), since ΣW 14 ´ σ “ ΣW 14 ztσu for σ P W
1
4 . Similarly, combining (3.12) and
the equations in (ii) of Lemma 3.8, we obtain
ζ˚2 b ζ
˚
1
b2|Σxp12qy
“ ζ˚4 |ΣS4 ` ζ
˚
3 ˝
`
w
p2,1,1q
4 |pΣA4 ´ e´ p12qp34qq
`w
p1,2,1q
4 |pΣA4 ´ p123q ´ p134qq ` w
p1,1,2q
4 |pΣA4 ´ p13qp24q ´ p14qp23qq
˘
`ζ˚2 ˝
`
w
p2,2q
4 |pΣX4 ´ e´ p13qp24qq ` w
p3,1q
4 |pΣC4 ´ e´ p1234qq
`w
p1,3q
4 |pΣC4 ´ p13qp24q ´ p1234qq
˘
.
Substituting this into the right-hand side of (3.32) proves (3.13). l
We will show Lemma 3.8 for the completeness of the proof of Proposition 3.4.
For a subgroupH inS4, we define an equivalence relation ” onS4 such that σ ” τ modH
if and only if στ´1 P H, and we denote by rσsH the equivalence class of σ. Note that rσsH
is the right coset Hσ of S4. We extend the relation ” on S4 to the congruence relation
on its group ring ZrS4s in the standard way such that
ř
aiσi ”
ř
aiτi mod H if and only
if σi ” τi mod H for every i. Table 1 below gives all the equivalence classes in S4 modulo
certain subgroups, where we denote by xσ1, . . . , σiy the subgroup generated by permutations
σ1, . . . , σi. (We have already used xσy to denote a cyclic subgroup.) The equivalence classes
in the table will be necessary when we prove some congruence equations in ZrS4s.
The following congruence equations in ZrS4s are useful for proving Lemma 3.8.
LEMMA 3.9.
(i)
p23qΣxp34qy ” ΣW 04 mod xp12q, p34qy, (3.33)
ΣV 04 Σxp34qy ”
$&%ΣW 14 ´ p34q ´ p1324q mod xp12qy or mod xp34qy,ΣW 14 ´ p24q ´ p1234q mod xp23qy, (3.34)
ΣV4Σxp34qy ” ΣW4 mod xey. (3.35)
(ii)
p24qΣxp12qy ” ΣC4 ´ e´ p1234q mod xp12q, p123qy, (3.36)
Σxp12qy ” ΣC4 ´ p13qp24q ´ p1234q mod xp23q, p234qy, (3.37)
ΣW 04Σxp12qy ” ΣX4 ´ e´ p13qp24q mod xp12q, p34qy, (3.38)
ΣW 1
4,p34q
Σxp12qy ” ΣA4 ´ e´ p12qp34q mod xp12qy, (3.39)
ΣW 1
4,p1234q
Σxp12qy ” ΣA4 ´ p123q ´ p134q mod xp23qy, (3.40)
ΣW 1
4,p1324q
Σxp12qy ” ΣA4 ´ p13qp24q ´ p14qp23q mod xp34qy, (3.41)
ΣW4Σxp12qy ” ΣS4 mod xey. (3.42)
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Table 1: All equivalence classes (or all right cosets Hσ) in S4 modulo subgroups H.
mod All equivalence classes
xp12q, p123qy te, p12q, p13q, p23q, p123q, p132qu,
tp14q, p14qp23q, p142q, p143q, p1423q, p1432qu,
tp24q, p13qp24q, p124q, p243q, p1243q, p1324qu,
tp34q, p12qp34q, p134q, p234q, p1234q, p1342qu.
xp23q, p234qy te, p23q, p24q, p34q, p234q, p243qu,
tp12q, p12qp34q, p132q, p142q, p1342q, p1432qu,
tp13q, p13qp24q, p123q, p143q, p1243q, p1423qu,
tp14q, p14qp23q, p124q, p134q, p1234q, p1324qu.
xp12q, p34qy te, p12q, p34q, p12qp34qu, tp13q, p132q, p143q, p1432qu,
tp14q, p134q, p142q, p1342qu, tp23q, p123q, p243q, p1243qu,
tp24q, p124q, p234q, p1234qu, tp13qp24q, p14qp23q, p1324q, p1423qu.
xp12qy {e, (12)}, {(13),(132)}, {(14), (142)}, {(23), (123)},
{(24),(124)}, {(34), (12)(34)}, {(13)(24), (1324)}, {(14)(23), (1423)},
{(134), (1342)}, {(143),(1432)}, {(234),(1234)}, {(243), (1243)}.
xp23qy {e, (23)}, {(12), (132)}, {(13), (123)}, {(14), (14)(23)},
{(24), (243)}, {(34), (234)}, {(12)(34), (1342)}, {(13)(24), (1243)},
{(124), (1324)}, {(134), (1234)}, {(142), (1432)}, {(143), (1423)}.
xp34qy {e, (34)}, {(12), (12)(34)}, {(13), (143)}, {(14), (134)},
{(23), (243)}, {(24), (234)}, {(13)(24), (1423)}, {(14)(23), (1324)},
{(123), (1243)}, {(124), (1234)}, {(132), (1432)}, {(142), (1342)}.
xp13qp24qy {e, (13)(24)}, {(12), (1423)}, {(13), (24)}, {(14), (1243)},
{(23), (1342)}, {(34), (1324)}, {(12)(34), (14)(23)}, {(123), (142)},
{(124), (143)}, {(132), (234)}, {(134), (243)}, {(1234), (1432)}.
Proof. Before proving the congruence equations, we introduce an identity in ZrSns, which
immediately follows from the definition:
ΣHΣK “ ΣH1ΣK ` ¨ ¨ ¨ ` ΣHnΣK , (3.43)
where H and K are subsets in Sn such that H1, . . . ,Hn are a partition of H (i.e., a set of
subsets of H satisfying
Ťn
i“1Hi “ H and Hi XHj “ φ for i ‰ j).
We first prove the congruence equations stated in (i). We obtain from Σxp34qy “ e` p34q
that
p23qΣxp34qy “ p23q ` p234q. (3.44)
Since tp24q, p124q, p234q, p1234qu is an equivalence class modulo xp12q, p34qy as we see in Ta-
ble 1,
p234q ” p24q mod xp12q, p34qy.
Thus, noting the definition of W 04 in (3.5), we have
p23qΣxp34qy ” p23q ` p24q ” ΣW 04 mod xp12q, p34qy,
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which proves (3.33). A calculation shows that
p1243qΣxp34qy “ p1243q ` p124q, (3.45)
and so we see from (3.43), (3.44), and (3.45) that
ΣV 04 Σxp34qy “ p23qΣxp34qy ` p1243qΣxp34qy “ p23q ` p124q ` p234q ` p1243q. (3.46)
Using (3.46) and the equivalence classes modulo xp12qy, xp23qy, and xp34qy in Table 1, we
obtain
ΣV 04 Σxp34qy ”
#
p23q ` p24q ` p1234q ` p1243q mod xp12qy or mod xp34qy,
p23q ` p34q ` p1243q ` p1324q mod xp23qy,
”
$&%ΣW 14 ´ p34q ´ p1324q mod xp12qy or mod xp34qy,ΣW 14 ´ p24q ´ p1234q mod xp23qy,
which proves (3.34). Direct calculations show that
p13qp24qΣxp34qy “ p13qp24q ` p1324q,
p123qΣxp34qy “ p123q ` p1234q,
p243qΣxp34qy “ p243q ` p24q,
which together with (3.46) yields
ΣV4Σxp34qy “ Σte,p13qp24q,p123q,p243quΣxp34qy ` ΣV 04 Σxp34qy
“ e` p34q ` p13qp24q ` p1324q ` p123q ` p1234q ` p243q ` p24q
`p23q ` p124q ` p234q ` p1243q.
We obtain (3.35) because the right-hand side of this equation is ΣW4 , by definition.
We next prove the congruence equations stated in (ii). We easily see that
p24qΣxp12qy “ p24q ` p142q and Σxp12qy “ e` p12q. (3.47)
Using these equations and the equivalence classes modulo xp12q, p123qy and xp23q, p234qy in
Table 1, we obtain
p24qΣxp12qy ” p13qp24q ` p1432q ” ΣC4 ´ e´ p1234q mod xp12q, p123qy
and
Σxp12qy ” e` p1432q ” ΣC4 ´ p13qp24q ´ p1234q mod xp23q, p234qy,
which prove (3.36) and (3.37), respectively. A direct calculation shows that
p23qΣxp12qy “ p23q ` p132q, (3.48)
and so we see from (3.47) and (3.48) that
ΣW 04Σxp12qy “ p23qΣxp12qy ` p24qΣxp12qy “ p23q ` p24q ` p132q ` p142q. (3.49)
Using (3.49) and the equivalence classes modulo xp12q, p34qy in Table 1, we obtain
ΣW 04Σxp12qy ” p23q ` p1234q ` p1432q ` p14q ” ΣX4 ´ e´ p13qp24q mod xp12q, p34qy,
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which proves (3.38). Direct calculations show that
p34qΣxp12qy “ p34q ` p12qp34q,
p1234qΣxp12qy “ p1234q ` p134q,
p1243qΣxp12qy “ p1243q ` p143q, (3.50)
p1324qΣxp12qy “ p1324q ` p14qp23q,
and so we see from (3.49) and (3.50) that
ΣW 14Σxp12qy “ Σtp34q,p1234q,p1243q,p1324quΣxp12qy ` ΣW 04Σxp12qy
“ p34q ` p12qp34q ` p1234q ` p134q ` p1243q ` p143q ` p1324q ` p14qp23q
`p23q ` p24q ` p132q ` p142q,
which can be restated as
ΣW 14Σxp12qy “ p23q ` p24q ` p34q ` p12qp34q ` p14qp23q
`p132q ` p134q ` p142q ` p143q ` p1234q ` p1243q ` p1324q. (3.51)
Equation (3.51) together with the first equation of (3.50) gives
ΣW 1
4,p34q
Σxp12qy “ ΣW 14 ztp34quΣxp12qy
“ ΣW 14Σxp12qy ´ p34qΣxp12qy
“ p23q ` p24q ` p14qp23q
`p132q ` p134q ` p142q ` p143q ` p1234q ` p1243q ` p1324q.
Using this equation and the equivalence classes modulo xp12qy in Table 1, we obtain
ΣW 1
4,p34q
Σxp12qy
” p123q ` p124q ` p14qp23q
`p132q ` p134q ` p142q ` p143q ` p234q ` p243q ` p13qp24q mod xp12qy,
which proves (3.39) since
ΣA4 “ e` p12qp34q ` p13qp24q ` p14qp23q
`p123q ` p124q ` p132q ` p134q ` p142q ` p143q ` p234q ` p243q. (3.52)
Similarly, (3.51) together with the second and fourth equations of (3.50) and the equivalence
classes modulo xp23qy and xp34qy in Table 1 yield
ΣW 1
4,p1234q
Σxp12qy ” p23q ` p24q ` p34q ` p12qp34q ` p14qp23q
`p132q ` p142q ` p143q ` p1243q ` p1324q
” e` p243q ` p234q ` p12qp34q ` p14qp23q
`p132q ` p142q ` p143q ` p13qp24q ` p124q
” ΣA4 ´ p123q ´ p134q mod xp23qy
and
ΣW 1
4,p1324q
Σxp12qy ” p23q ` p24q ` p34q ` p12qp34q
14
`p132q ` p134q ` p142q ` p143q ` p1234q ` p1243q
” p243q ` p234q ` e` p12qp34q
`p132q ` p134q ` p142q ` p143q ` p124q ` p123q
” ΣA4 ´ p13qp24q ´ p14qp23q mod xp34qy,
respectively, which prove (3.40) and (3.41). Direct calculations show that
p13qp24qΣxp12qy “ p13qp24q ` p1423q,
p123qΣxp12qy “ p123q ` p13q,
p124qΣxp12qy “ p124q ` p14q, (3.53)
p234qΣxp12qy “ p234q ` p1342q,
p243qΣxp12qy “ p243q ` p1432q,
and so we see from (3.51) and (3.53) that
ΣW4Σxp12qy “ Σte,p13qp24q,p123q,p124q,p234q,p243quΣxp12qy ` ΣW 14Σxp12qy “ ΣS4 , (3.54)
which proves (3.42), and completes the proof. l
The following statement holds: the maps w
p3,1q
4 , w
p1,3q
4 , w
p2,2q
4 , w
p2,1,1q
4 , w
p1,2,1q
4 , and w
p1,1,2q
4
are invariant under the subgroups xp12q, p123qy, xp23q, p234qy, xp12q, p34qy, xp12qy, xp23qy, and
xp34qy, respectively. In fact, this statement immediately follows from (3.1) and the fact that
wn is invariant under Sn, i.e., pwn|σqplnq “ wnplnq for any σ P Sn. Note that xp12q, p123qy
and xp23q, p234qy are equivalent to the symmetric groups on t1, 2, 3u and t2, 3, 4u, respectively.
We are now able to prove Lemma 3.8.
Proof of Lemma 3.8. We can obtain (3.21) by using (3.33) because of the invariance of w
p2,2q
4
under xp12q, p34qy. Similarly, we can obtain the equations from (3.22) through (3.30) by using
the congruence equations from (3.34) through (3.42), respectively. l
3.2 Renormalization relations
We define a characteristic function qχxn of the set Nn by
qχxn plnq :“
#
1 pl1 “ ¨ ¨ ¨ “ ln “ 1q,
0 potherwiseq.
Note that qχxn “ pqχx1 qbn and 1n “ χxn ` qχxn . For any real-valued functions f1, . . . , fj of n
variables, we define the product f1 ¨ ¨ ¨ fj of the functions by using the multiplication in the
real number field such that
pf1 ¨ ¨ ¨ fjqpx1, . . . , xnq :“ f1px1, . . . , xnq ¨ ¨ ¨ fjpx1, . . . , xnq.
For example, qχx2 ¨ ζ1 ˝ w2pl2q “ qχx2 pl2qζ1 ˝ w2pl2q “ qχx2 pl1, l2qζ1pl1 ` l2q.
The renormalization relations for depths less than 5 are written in terms of real-valued
functions, as follows.
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PROPOSITION 3.10. We have
ζ˚1 “ ζ
x
1 , (3.55)
ζ˚2 “ ζ
x
2 ´
1
2
qχx2 ¨ ζ1 ˝ w2, (3.56)
ζ˚3 “ ζ
x
3 ´
1
2
pqχx2 ¨ ζ1 ˝ w2q b ζx1 ` 13 qχx3 ¨ ζ1 ˝ w3, (3.57)
ζ˚4 “ ζ
x
4 ´
1
2
pqχx2 ¨ ζ1 ˝ w2q b ζx2 ` 13pqχx3 ¨ ζ1 ˝ w3q b ζx1 ` 116 qχx4 ¨ ζ1 ˝ w4. (3.58)
We require two lemmas to prove Proposition 3.10.
LEMMA 3.11. Let P pT q “
řn
j“0 ajT
j be a polynomial whose degree n is less than 5. Then
the constant term of ρpP pT qq ´ P pT q is
ρpP pT qq | T“0 ´ P p0q “
$’’’’’’&’’’’’’%
0 pn ă 2q,
a2ζ1p2q pn “ 2q,
a2ζ1p2q ´ 2a3ζ1p3q pn “ 3q,
a2ζ1p2q ´ 2a3ζ1p3q `
27
2
a4ζ1p4q pn “ 4q.
(3.59)
LEMMA 3.12. Let n be an integer with 1 ď n ď 4, and let ln “ pl1, . . . , lnq P N
n. Then
Z˚
l1
pT q « 0, (3.60)
Z˚
l2
pT q «
1
2
qχx2 pl2qT 2, (3.61)
Z˚
l3
pT q «
1
2
qχx2 b ζ˚1 pl3qT 2 ` 16 qχx3 pl3qT 3, (3.62)
Z˚
l4
pT q «
1
2
qχx2 b ζ˚2 pl4qT 2 ` 16 qχx3 b ζ˚1 pl4qT 3 ` 124 qχx4 pl4qT 4, (3.63)
where « means the congruence relation on RrT s modulo RT ` R, i.e., P pT q « QpT q if and
only if degpP pT q ´QpT qq ă 2.
We will now prove Proposition 3.10. We will then discuss the proofs of Lemmas 3.11 and
3.12.
Proof of Proposition 3.10. We first introduce the following identity for proving (3.55), (3.56),
(3.57), and (3.58): for any index set ln “ pl1, . . . , lnq in N
n,
qχxn plnqζ1pnq “ qχxn ¨ ζ1 ˝ wnplnq. (3.64)
This identity is easily obtained by the definition of qχxn and the fact that ζ1pnq “ ζ1pwnplnqq “
ζ1 ˝ wnplnq if l1 “ ¨ ¨ ¨ “ ln “ 1.
It follows from (3.59) and (3.60) that
ρpZ˚
l1
pT qq | T“0 ´ Z
˚
l1
p0q “ 0.
Using (2.5) and (2.8) with T “ 0, we can restate this identity as
ζx1 pl1q ´ ζ
˚
1 pl1q “ 0,
16
which proves (3.55). Similarly, we obtain from (3.59) and (3.61) that
ζx2 pl2q ´ ζ
˚
2 pl2q “
1
2
qχx2 pl2qζ1p2q,
which proves (3.56) since qχx2 pl2qζ1p2q “ qχx2 ¨ ζ1 ˝w2pl2q by (3.64). We can obtain from (3.59)
and (3.62) that
ζx3 pl3q ´ ζ
˚
3 pl3q “
1
2
qχx2 b ζ˚1 pl3qζ1p2q ´ 13 qχx3 pl3qζ1p3q,
which proves (3.57) since qχx3 pl3qζ1p3q “ qχx3 ¨ ζ1 ˝ w3pl3q and
qχx2 b ζ˚1 pl3qζ1p2q “ qχx2 pl1, l2qζ1p2qζ˚1 pl3q
“ pqχx2 ¨ ζ1 ˝ w2pl1, l2qqζx1 pl3q
“ pqχx2 ¨ ζ1 ˝ w2q b ζx1 pl3q
by (3.55) and (3.64). We can obtain from (3.59) and (3.63) that
ζx4 pl4q ´ ζ
˚
4 pl4q “
1
2
qχx2 b ζ˚2 pl4qζ1p2q ´ 13 qχx3 b ζ˚1 pl4qζ1p3q ` 916 qχx4 pl4qζ1p4q. (3.65)
The first term on the right-hand side of (3.65) can be calculated as
1
2
qχx2 b ζ˚2 pl4qζ1p2q “ 12 qχx2 b ζx2 pl4qζ1p2q ´ 58 qχx4 pl4qζ1p4q. (3.66)
In fact, we see from (3.56) and (3.64) that ζ˚2 pl3, l4q “ ζ
x
2 pl3, l4q ´
1
2
qχx2 pl3, l4qζ1p2q, and so
1
2
qχx2 b ζ˚2 pl4qζ1p2q “ 12 qχx2 pl1, l2qζ˚2 pl3, l4qζ1p2q
“
1
2
qχx2 pl1, l2qζx2 pl3, l4qζ1p2q ´ 14 qχx2 pl1, l2qqχx2 pl3, l4qζ1p2q2
“
1
2
qχx2 b ζx2 pl4qζ1p2q ´ 14 qχx4 pl4qζ1p2q2,
where we note that qχx4 “ pqχx2 qb2. This proves (3.66) because
ζ1p2q
2 “
5
2
ζ1p4q, (3.67)
which follows from Euler’s results ζ1p2q “ pi
2{6 and ζ1p4q “ pi
2{90. Then, noting (3.55),
(3.64), and (3.66), we can calculate (3.65) as
ζx4 pl4q ´ ζ
˚
4 pl4q
“
1
2
qχx2 b ζx2 pl4qζ1p2q ´ 13 qχx3 b ζx1 pl4qζ1p3q ´ 116 qχx4 pl4qζ1p4q
“
1
2
pqχx2 ¨ ζ1 ˝ w2q b ζx2 pl4q ´ 13pqχx3 ¨ ζ1 ˝ w3q b ζx1 pl4q ´ 116 qχx4 ¨ ζ1 ˝ w4pl4q,
which proves (3.58). l
We will now show Lemmas 3.11 and 3.12 for the completeness of the proof of Proposi-
tion 3.10.
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Proof of Lemma 3.11. Let O denote the Landau symbol. By definition,
Apuq “
8ÿ
k“0
γku
k “ exp
˜
8ÿ
m“2
p´1qmζ1pmq
m
um
¸
near u “ 0. Thus,
Apuq “ 1`
ˆ
ζ1p2q
2
u2 ´
ζ1p3q
3
u3 `
ζ1p4q
4
u4 `Opu5q
˙
`
1
2
ˆ
ζ1p2q
2
u2 `Opu3q
˙2
` ¨ ¨ ¨
“ 1`
ζ1p2q
2
u2 ´
ζ1p3q
3
u3 `
ˆ
ζ1p4q
4
`
ζ1p2q
2
8
˙
u4 `Opu5q,
and so
γ0 “ 1, γ1 “ 0, γ2 “
ζ1p2q
2
, γ3 “ ´
ζ1p3q
3
, and γ4 “
2ζ1p4q ` ζ1p2q
2
8
“
9ζ1p4q
16
,
where we have used (3.67) for the last equality. Therefore, we see from (2.7) that
ρp1q “ 1,
ρpT q “ T,
ρpT 2q “ T 2 ` ζ1p2q,
ρpT 3q “ T 3 ` 3ζ1p2qT ´ 2ζ1p3q,
ρpT 4q “ T 4 ` 6ζ1p2qT
2 ´ 8ζ1p3qT `
27
2
ζ1p4q,
which proves (3.59) since ρpP pT qq | T“0 ´ P p0q “
řn
j“2 ajρpT
jq | T“0. l
In order to prove Lemma 3.12, we require the following detailed results on polynomials
Z˚
ln
pT q and values ζ˚nplnq and ζ
x
n plnq for smaller depths.
LEMMA 3.13.
(i) Let ln “ pl1, . . . , lnq P N
n. Then
Z˚
l1
pT q “ qχx1 pl1qT ` ζ˚1 pl1q, (3.68)
Z˚
l2
pT q “
1
2
qχx2 pl2qT 2 ` qχx1 b ζ˚1 pl2qT ` ζ˚2 pl2q, (3.69)
Z˚
l3
pT q “
1
6
qχx3 pl3qT 3 ` 12 qχx2 b ζ˚1 pl3qT 2 ` qχx1 b ζ˚2 pl3qT ` ζ˚3 pl3q. (3.70)
(ii) Suppose that l2 ą 1, and let : P t˚,xu. Then
ζ
:
1p1q “ 0, (3.71)
ζ
:
2p1, l2q “ ´pζ2pl2, 1q ` ζ1pl2 ` 1qq, (3.72)
ζ
:
2p1, 1q “
$&%´
1
2
ζ1p2q p: “ ˚q,
0 p: “ xq.
(3.73)
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Proof. We recall that Z˚ : H0˚rysp» H
1
˚q Ñ RrT s is a homomorphism characterized by the
properties that it extends the evaluation map Z : H0 Ñ R and sends y “ z1 to T , and that
Z˚
ln
pT q denotes Z˚pzl1 ¨ ¨ ¨ zlnq. We note that Z
˚
ln
pT q “ ZlnpT q “ ζnplnq “ ζ
˚
nplnq if l1 ą 1, or
Z˚
ln
pT q “ ζ˚nplnq pl1 ą 1q. (3.74)
We will first prove (3.68) and (3.71). It follows from the definition of Z˚ that Z˚1 pT q “
Z˚pz1q “ T . Since Z
˚
1 p0q “ ζ
˚
1 p1q by definition, we have
ζ˚1 p1q “ 0, (3.75)
and
Z˚1 pT q “ T ` ζ
˚
1 p1q. (3.76)
We easily see from the definition of qχx1 that qχx1 pl1qT is T if l1 “ 1, and 0 otherwise. Thus,
we obtain from (3.74) for n “ 1 and (3.76) that
Z˚l1pT q “ qχx1 pl1qT ` ζ˚1 pl1q pl1 P Nq, (3.77)
which proves (3.68). It follows from (3.59) for n ă 2 and (3.76) that ρpZ˚1 pT qq | T“0´Z
˚
1 p0q “
0, and so we see from (2.8) that ζx1 p1q “ ζ
˚
1 p1q, which together with (3.75) proves (3.71).
We will next prove (3.69), (3.72), and (3.73). By (3.14) with l1 “ 1 and l1 “ l2 “ 1, we
obtain
z1zl2 “ zl2 ˚ z1 ´ zl2z1 ´ zl2`1 and z1z1 “
1
2
z1 ˚ z1 ´
1
2
z2,
respectively. Since Z˚1,l2p0q “ ζ
˚
2 p1, l2q, applying Z
˚ to both sides of these equations yields
ζ˚2 p1, l2q “
$&%´pζ2pl2, 1q ` ζ1pl2 ` 1qq pl2 ą 1q,´1
2
ζ1p2q pl2 “ 1q,
(3.78)
and
Z˚1,l2pT q “
$&%ζ1pl2qT ` ζ
˚
2 p1, l2q pl2 ą 1q,
1
2
T 2 ` ζ˚2 p1, 1q pl2 “ 1q.
(3.79)
We see that qχx2 pl1, l2qT 2{2 is T 2{2 if l1 “ l2 “ 1, and 0 otherwise, and that qχx1 pl1qζ˚1 pl2qT
is ζ1pl2qT if l1 “ 1 and l2 ą 1, and 0 otherwise, where we have used (3.75) for the latter
statement. Thus, we obtain from (3.74) for n “ 2 and (3.79) that
Z˚
l2
pT q “
qχx2 pl1, l2q
2
T 2 ` qχx1 pl1qζ˚1 pl2qT ` ζ˚2 pl1, l2q pl2 P N2q, (3.80)
which proves (3.69). It follows from (3.59) for n ď 2 and (3.79) that ρpZ˚1,l2pT qq | T“0´Z
˚
1,l2
p0q
is 0 if l2 ą 1, and ζ1p2q{2 if l2 “ 1. Therefore we see from (2.8) that
ζx1 p1, l2q “ ζ
˚
1 p1, l2q `
$&%0 pl2 ą 1q,1
2
ζ1p2q pl2 “ 1q,
which together with (3.78) proves (3.72) and (3.73).
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We now prove (3.70). Replacing pl1, l2, l3q of (3.15) with pl2, l3, 1q, we obtain
z1zl2zl3 “ zl2zl3 ˚ z1 ´ zl2zl3z1 ´ zl2z1zl3 ´ zl2`1zl3 ´ zl2zl3`1. (3.81)
Substituting l2 “ 1 and l2 “ l3 “ 1 in (3.81) yields
z1z1zl3 “
1
2
z1zl3 ˚ z1 ´
1
2
pz1zl3z1 ` z2zl3 ` z1zl3`1q, (3.82)
z1z1z1 “
1
3
z1z1 ˚ z1 ´
1
3
pz2z1 ` z1z2q, (3.83)
respectively. Let „ mean the congruence relation on RrT s modulo R, i.e., P pT q „ QpT q if
and only if P pT q ´QpT q P R. Note that Z˚
ln
pT q „ 0 if l1 ą 1. Applying Z
˚ to both sides of
(3.81), we obtain
Z˚1,l2,l3pT q „ ζ2pl2, l3qT pl2 ą 1q. (3.84)
Because of (3.69) and (3.84), applying Z˚ to both sides of (3.82) yields
Z˚1,1,l3pT q „
1
2
Z˚1,l3pT qT ´
1
2
pZ˚1,l3,1pT q ` Z
˚
1,l3`1pT qq
„
1
2
pζ˚1 pl3qT ` ζ
˚
2 p1, l3qqT ´
1
2
pζ2pl3, 1qT ` ζ1pl3 ` 1qT q
„
1
2
ζ˚1 pl3qT
2 `
1
2
pζ˚2 p1, l3q ´ ζ2pl3, 1q ´ ζ1pl3 ` 1qqT
for l3 ą 1, which together with (3.72) gives
Z˚1,1,l3pT q „
1
2
ζ˚1 pl3qT
2 ` ζ˚2 p1, l3qT pl3 ą 1q. (3.85)
Applying Z˚ to both sides of (3.83) also yields
Z˚1,1,1pT q „
1
3
Z˚1,1pT qT ´
1
3
Z˚1,2pT q
„
1
3
ˆ
1
2
T 2 ` ζ˚2 p1, 1q
˙
T ´
1
3
ζ˚1 p2qT
„
1
6
T 3 `
1
3
pζ˚2 p1, 1q ´ ζ1p2qqT,
which together with (3.73) gives
Z˚1,1,1pT q „
1
6
T 3 ` ζ˚2 p1, 1qT. (3.86)
Similarly to (3.77) and (3.80), we can obtain from (3.74) for n “ 3, (3.84), (3.85), and (3.86)
that
Z˚
l3
pT q „
qχx3 pl1, l2, l3q
6
T 3 `
qχx2 pl1, l2q
2
ζ˚1 pl3qT
2 ` qχx1 pl1qζ˚2 pl2, l3qT pl3 P N3q,
which proves (3.70), since Z˚
l3
p0q “ ζ˚3 pl3q. l
We are now able to prove Lemma 3.12.
Proof of Lemma 3.12. Identities (3.60), (3.61), and (3.62) immediately follow from (3.68),
(3.69), and (3.70), respectively.
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We now prove (3.63). Replacing pl1, l2, l3, l4q of (3.17) with pl2, l3, l4, 1q, we obtain
z1zl2zl3zl4 “ zl2zl3zl4 ˚ z1 ´ zl2zl3zl4z1 ´ zl2zl3z1zl4 ´ zl2z1zl3zl4
´zl2`1zl3zl4 ´ zl2zl3`1zl4 ´ zl2zl3zl4`1. (3.87)
Substituting l2 “ 1, l2 “ l3 “ 1, and l1 “ l2 “ l3 “ 1 in (3.87) yields
z1z1zl3zl4 “
1
2
z1zl3zl4 ˚ z1
´
1
2
pz1zl3zl4z1 ` z1zl3z1zl4 ` z1zl3`1zl4 ` z1zl3zl4`1 ` z2zl3zl4q, (3.88)
z1z1z1zl4 “
1
3
z1z1zl4 ˚ z1 ´
1
3
pz1z1zl4z1 ` z1z2zl4 ` z1z1zl4`1 ` z2z1zl4q, (3.89)
z1z1z1z1 “
1
4
z1z1z1 ˚ z1 ´
1
4
pz1z2z1 ` z1z1z2 ` z2z1z1q, (3.90)
respectively. Applying Z˚ to both sides of (3.87), we obtain
Z˚1,l2,l3,l4pT q « 0 pl2 ą 1q. (3.91)
Because of (3.70) and (3.91), applying Z˚ to both sides of (3.88) yields
Z˚1,1,l3,l4pT q «
1
2
Z˚1,l3,l4pT qT
«
1
2
pζ˚2 pl3, l4qT ` ζ
˚
3 p1, l3, l4qqT
«
1
2
ζ˚2 pl3, l4qT
2
for l3 ą 1, which is summarized as
Z˚1,1,l3,l4pT q «
1
2
ζ˚2 pl3, l4qT
2 pl3 ą 1q. (3.92)
Because of (3.70) and (3.92), applying Z˚ to both sides of (3.89) also yields
Z˚1,1,1,l4pT q «
1
3
Z˚1,1,l4pT qT ´
1
3
pZ˚1,1,l4,1pT q ` Z
˚
1,1,l4`1pT qq
«
1
3
ˆ
1
2
ζ˚1 pl4qT
2 ` ζ˚2 p1, l4qT ` ζ
˚
3 p1, 1, l4q
˙
T ´
1
6
pζ˚2 pl4, 1q ` ζ
˚
1 pl4 ` 1qqT
2
«
1
6
ζ˚1 pl4qT
3 `
ˆ
1
3
ζ˚2 p1, l4q ´
1
6
pζ˚2 pl4, 1q ` ζ
˚
1 pl4 ` 1qq
˙
T 2
for l4 ą 1, which together with (3.72) gives
Z˚1,1,1,l4pT q «
1
6
ζ˚1 pl4qT
3 `
1
2
ζ˚2 p1, l4qT
2 pl4 ą 1q. (3.93)
Moreover, because of (3.70), applying Z˚ to both sides of (3.90) yields
Z˚1,1,1,1pT q «
1
4
Z˚1,1,1pT qT ´
1
4
Z˚1,1,2pT q
«
1
4
ˆ
1
6
T 3 ` ζ˚2 p1, 1qT ` ζ
˚
3 p1, 1, 1q
˙
T ´
1
8
ζ˚1 p2qT
2
«
1
24
T 4 `
ˆ
1
4
ζ˚2 p1, 1q ´
1
8
ζ˚1 p2q
˙
T 2,
21
which together with (3.73) gives
Z˚1,1,1,1pT q «
1
24
T 4 `
1
2
ζ˚2 p1, 1qT
2. (3.94)
Then, we can deduce from (3.74) for n “ 4, (3.91), (3.92), (3.93), and (3.94) that
Z˚
l4
pT q «
qχx4 pl1, l2, l3, l4q
24
T 4 `
qχx3 pl1, l2, l3q
6
ζ˚1 pl4qT
3 `
qχx2 pl1, l2q
2
ζ˚2 pl3, l4qT
2 pl4 P N
4q,
which proves (3.63). l
4 Proofs
4.1 Proof of Theorem 1.1
We first prove (1.1) and (1.2) in Theorem 1.1.
Proof of (1.1). By (3.7), we easily obtain
ζ˚2 |ΣC2 “ ζ
˚
1
b2 ´ ζ1 ˝ w2, (4.1)
which proves (1.1) for : “ ˚.
We can deduce the following identities from (3.55) and (3.56):
ζ˚1
b2 “ ζx1
b2 and ζ˚2 |ΣC2 “ ζ
x
2 |ΣC2 ´ qχx2 ¨ ζ1 ˝ w2, (4.2)
where we have used in the second identity the property that qχx2 ¨ ζ1 ˝ w2 is invariant under
S2, or qχx2 ¨ ζ1 ˝ w2|ΣC2 “ 2qχx2 ¨ ζ1 ˝ w2. Since χx2 ` qχx2 “ 12, substituting (4.2) into (4.1)
yields
ζx2 |ΣC2 “ ζ
x
1
b2 ´ χx2 ¨ ζ
x
1 ˝ w2, (4.3)
which proves (1.1) for : “ x. l
Proof of (1.2). Since C3 “ te, p123q, p132qu and U3 “ te, p23q, p123qu, direct calculations give
the following equations in ZrS3s:
p123qΣC3 “ ΣC3 , ΣU3ΣC3 “ ΣS3 ` ΣC3 .
We thus see from (3.8) that
ζ˚2 b ζ
˚
1 |ΣC3 “ ζ
˚
3 |pΣS3 ` ΣC3q ` ζ
˚
2 ˝ pw
p2,1q
3 ` w
p1,2q
3 q|ΣC3 . (4.4)
Subtracting (4.4) from (3.9), we obtain ζ˚1
b3´ ζ˚2 b ζ
˚
1 |ΣC3 “ ´ζ
˚
3 |ΣC3` ζ1 ˝w3. This identity
is equivalent to
ζ˚3 |ΣC3 “ ´ζ
˚
1
b3 ` ζ˚2 b ζ
˚
1 |ΣC3 ` ζ1 ˝ w3, (4.5)
which proves (1.2) for : “ ˚.
We can deduce the following identities from (3.55), (3.56), and (3.57):
ζ˚1
b3 “ ζx1
b3, (4.6)
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ζ˚2 b ζ
˚
1 |ΣC3 “ ζ
x
2 b ζ
x
1 |ΣC3 ´
1
2
pqχx2 ¨ ζ1 ˝ w2q b ζx1 |ΣC3 , (4.7)
ζ˚3 |ΣC3 “ ζ
x
3 |ΣC3 ´
1
2
pqχx2 ¨ ζ1 ˝ w2q b ζx1 |ΣC3 ` qχx3 ¨ ζ1 ˝ w3, (4.8)
where we have used in the third identity the property that qχx3 ¨ pζ1 ˝ w3q is invariant under
S3. Since χ
x
3 ` qχx3 “ 13, substituting (4.6), (4.7), and (4.8) into (4.5) yields
ζx3 |ΣC3 “ ´ζ
x
1
b3 ` ζx2 b ζ
x
1 |ΣC3 ` χ
x
3 ¨ ζ1 ˝ w3, (4.9)
which proves (1.2) for : “ x, and completes the proof. l
We now prepare two lemmas before proving (1.3), because the proof of (1.3) is more
complicated than those of (1.1) and (1.2). The identities of Lemma 4.1 (resp. Lemma 4.2)
correspond to (4.4) (resp. (4.6), (4.7), and (4.8) ) in the proof of (1.2).
LEMMA 4.1. We have
ζ˚3 b ζ
˚
1 |ΣC4 “ ζ
˚
4 |p2ΣC4 ` p12qΣC4 ` p34qΣC4q
`ζ˚3 ˝ pw
p2,1,1q
4 ` w
p1,2,1q
4 ` w
p1,1,2q
4 q|pΣA4 ´ p13qΣC4 ´ p23qΣC4q, (4.10)
ζ˚2
b2|ΣC04 “ ζ
˚
4 |pΣC4 ` p14qΣC4 ` p23qΣC4q
`ζ˚3 ˝ pw
p2,1,1q
4 ` w
p1,2,1q
4 ` w
p1,1,2q
4 q|p23qΣC4 ` ζ
˚
2 ˝ w
p2,2q
4 |p23qΣC04 , (4.11)
ζ˚2 b ζ
˚
1
b2|ΣC4 “ ζ
˚
4 |p2ΣS4 ` ΣC4 ´ p13qΣC4q
`ζ˚3 ˝ pw
p2,1,1q
4 ` w
p1,2,1q
4 ` w
p1,1,2q
4 q|p2ΣA4 ´ p13qΣC4q (4.12)
`ζ˚2 ˝
`
w
p2,2q
4 |pΣC4 ` 2p23qΣC04q ` pw
p3,1q
4 ` w
p1,3q
4 q|ΣC4
˘
.
LEMMA 4.2. We have
ζ˚1
b4 “ ζx1
b4, (4.13)
ζ˚2 b ζ
˚
1
b2|ΣC4 “ ζ
x
2 b ζ
x
1
b2|ΣC4 ´
1
2
pqχx2 ¨ ζ1 ˝ w2q b ζx1 b2|ΣC4 , (4.14)
ζ˚2
b2|ΣC04 “ ζ
x
2
b2|ΣC04 ´
1
2
pqχx2 ¨ ζ1 ˝ w2q b ζx2 |ΣC4 ` 54 qχx4 ¨ ζ1 ˝ w4, (4.15)
ζ˚3 b ζ
˚
1 |ΣC4 “ ζ
x
3 b ζ
x
1 |ΣC4 ´
1
2
pqχx2 ¨ ζ1 ˝ w2q b ζx1 b2|ΣC4
`
1
3
pqχx3 ¨ ζ1 ˝ w3q b ζx1 |ΣC4 , (4.16)
ζ˚4 |ΣC4 “ ζ
x
4 |ΣC4 ´
1
2
pqχx2 ¨ ζ1 ˝ w2q b ζx2 |ΣC4
`
1
3
pqχx3 ¨ ζ1 ˝ w3q b ζx1 |ΣC4 ` 14 qχx4 ¨ ζ1 ˝ w4. (4.17)
We now prove (1.3). We will then discuss proofs of Lemmas 4.1 and 4.2.
Proof of identity (1.3). Direct calculations show that
ΣC4 “ e` p13qp24q ` p1234q ` p1432q,
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p12qΣC4 “ p12q ` p143q ` p234q ` p1324q,
p13qΣC4 “ p13q ` p24q ` p12qp34q ` p14qp23q,
p14qΣC4 “ p14q ` p123q ` p243q ` p1342q, (4.18)
p23qΣC4 “ p23q ` p134q ` p142q ` p1243q,
p34qΣC4 “ p34q ` p124q ` p132q ` p1423q,
from which we see that
ΣS4 “ pe` p12q ` p13q ` p14q ` p23q ` p34qqΣC4 , (4.19)
i.e., tC4, p12qC4, p13qC4, p14qC4, p23qC4, p34qC4u gives a left C4-coset decomposition of S4. By
(4.19), the sum of (4.10) and (4.11) yields
ζ˚3 b ζ
˚
1 |ΣC4 ` ζ
˚
2
b2|ΣC04 “ ζ
˚
4 |pΣS4 ` 2ΣC4 ´ p13qΣC4q
`ζ˚3 ˝ pw
p2,1,1q
4 `w
p1,2,1q
4 ` w
p1,1,2q
4 q|pΣA4 ´ p13qΣC4q
`ζ˚2 ˝ w
p2,2q
4 |p23qΣC04 .
Subtracting (4.12) from this identity, we obtain
ζ˚3 b ζ
˚
1 |ΣC4 ` ζ
˚
2
b2|ΣC04 ´ ζ
˚
2 b ζ
˚
1
b2|ΣC4
“ ´ζ˚4 |pΣS4 ´ ΣC4q
´ζ˚3 ˝ pw
p2,1,1q
4 ` w
p1,2,1q
4 ` w
p1,1,2q
4 q|ΣA4 (4.20)
´ζ˚2 ˝
`
w
p2,2q
4 |pΣC4 ` p23qΣC04q ` pw
p3,1q
4 ` w
p1,3q
4 q|ΣC4
˘
.
We see from (3.6) and the equivalence classes modulo xp12q, p34qy in Table 1 that ΣX4 ”
p14q ` p23q ` ΣC4 ” p23q ` p134q ` ΣC4 ” p23qΣC04 ` ΣC4 mod xp12q, p34qy, and so
w
p2,2q
4 |ΣX4 “ w
p2,2q
4 |pΣC4 ` p23qΣC04q.
Thus the sum of (3.13) and (4.20) yields ζ˚3 b ζ
˚
1 |ΣC4 ` ζ
˚
2
b2|ΣC04 ´ ζ
˚
2 b ζ
˚
1
b2|ΣC4 ` ζ
˚
1
b4 “
ζ˚4 |ΣC4 ` ζ1 ˝ w4. This identity is equivalent to
ζ˚4 |ΣC4 “ ζ
˚
1
b4 ´ ζ˚2 b ζ
˚
1
b2|ΣC4 ` ζ
˚
2
b2|ΣC04 ` ζ
˚
3 b ζ
˚
1 |ΣC4 ´ ζ1 ˝ w4, (4.21)
which proves (1.3) for : “ ˚.
Combining (4.13), (4.14), (4.15), and (4.16) (or considering (4.13) ´ (4.14) ` (4.15) `
(4.16), roughly speaking), we can restate the right-hand side of (4.21) as
(RHS of (4.21)) “ ζx1
b4 ´ ζx2 b ζ
x
1
b2|ΣC4 ` ζ
x
2
b2|ΣC04 ` ζ
x
3 b ζ
x
1 |ΣC4
´
1
2
pqχx2 ¨ ζ1 ˝ w2q b ζx2 |ΣC4 ` 13pqχx3 ¨ ζ1 ˝ w3q b ζx1 |ΣC4 (4.22)
`p
5
4
qχx4 ´ 14q ¨ pζ1 ˝ w4q.
Equating (4.17), (4.21), and (4.22), we obtain
ζx4 |ΣC4 “ ζ
x
1
b4 ´ ζx2 b ζ
x
1
b2|ΣC4 ` ζ
x
2
b2|ΣC04 ` ζ
x
3 b ζ
x
1 |ΣC4 ` pqχx4 ´ 14q ¨ pζ1 ˝ w4q,
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which together with χx4 ` qχx4 “ 14 proves (1.3) for : “ x, and completes the proof. l
We will show Lemmas 4.1 and 4.2 for the completeness of the proof of (1.3). We first
prove Lemma 4.2.
Proof of Lemma 4.2. Identity (4.13) immediately follows from (3.55). We see from (3.55)
and (3.56) that
ζ˚2 b ζ
˚
1
b2 “ ζx2 b ζ
x
1
b2 ´
1
2
pqχx2 ¨ ζ1 ˝ w2q b ζx1 b2.
Applying ΣC4 to both sides of this equation, we obtain (4.14). In a similar way, we obtain
(4.16) from (3.55) and (3.57). We also obtain (4.17) by applying ΣC4 to both sides of (3.58),
since qχx4 ¨ pζ1 ˝ w4q is invariant under S4.
We prove (4.15). We easily see that f b g|p13qp24q “ g b f for any functions f and g of
two variables, and so we obtain from (3.56) that
ζ˚2
b2 “
´
ζx2 ´
1
2
qχx2 ¨ ζ1 ˝ w2¯b ´ζx2 ´ 12 qχx2 ¨ ζ1 ˝ w2¯
“ ζx2
b2 ´
1
2
pqχx2 ¨ ζ1 ˝ w2q b ζx2 |pe ` p13qp24qq ` 14pqχx2 ¨ ζ1 ˝ w2qb2. (4.23)
We see from (3.64), (3.67), and qχx2 b2 “ qχx4 that
pqχx2 ¨ ζ1 ˝ w2qb2 “ ζ1p2q2qχx2 b2 “ 52ζ1p4qqχx4 “ 52 qχx4 ¨ ζ1 ˝ w4,
by which we can restate (4.23) as
ζ˚2
b2 “ ζx2
b2 ´
1
2
pqχx2 ¨ ζ1 ˝ w2q b ζx2 |Σxp13qp24qy ` 58 qχx4 ¨ ζ1 ˝ w4. (4.24)
Since C04 “ te, p1234qu Ă C4 “ te, p1234q, p13qp24q, p1432qu,
Σxp13qp24qyΣC04 “ ΣC4 . (4.25)
Applying ΣC04 to both sides of (4.24), we thus obtain (4.15), which completes the proof. l
We now prove Lemma 4.1.
Proof of Lemma 4.1. Let σ P tp12q, p23q, p34qu. By the equivalence classes modulo xσy in
Table 1 and straightforward calculations, (3.52) yields
2ΣA4 ” ΣS4 mod xσy, (4.26)
and (4.18) yields
ΣC4 ” p12qΣC4 , p13qΣC4 ” p34qΣC4 , p14qΣC4 ” p23qΣC4 mod xp12qy,
ΣC4 ” p23qΣC4 , p12qΣC4 ” p34qΣC4 , p13qΣC4 ” p14qΣC4 mod xp23qy,
ΣC4 ” p34qΣC4 , p12qΣC4 ” p13qΣC4 , p14qΣC4 ” p23qΣC4 mod xp34qy.
(4.27)
Thus, we deduce from (4.19) that
ΣA4 ” αΣC4 ` βΣC4 ` γΣC4 mod xσy, (4.28)
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where pα, β, γq is a 3-tuple of te, p12q, p13q, p14q, p23q, p34qu such that$’’&’’%
α P te, p12qu, β P tp13q, p34qu, γ P tp14q, p23qu pσ “ p12qq,
α P te, p23qu, β P tp12q, p34qu, γ P tp13q, p14qu pσ “ p23qq,
α P te, p34qu, β P tp12q, p13qu, γ P tp14q, p23qu pσ “ p34qq.
(4.29)
We now prove (4.10). Since either gC4 “ hC4 or gC4 X hC4 “ φ for any g, h P S4, we can
see from the first and second equations of (4.18) that
p1234qΣC4 “ ΣC4 and p234qΣC4 “ p12qΣC4 ,
respectively. By (3.3) and (3.43), we obtain
ΣU4ΣC4 “ ΣC4 ` p34qΣC4 ` p234qΣC4 ` p1234qΣC4 “ 2ΣC4 ` p12qΣC4 ` p34qΣC4 .
Thus, applying ΣC4 to both sides of (3.10) yields
ζ˚3 b ζ
˚
1 |ΣC4 “ ζ
˚
4 |p2ΣC4 ` p12qΣC4 ` p34qΣC4q
`ζ˚3 ˝
`
pw
p2,1,1q
4 ` w
p1,2,1q
4 q|p12qΣC4 ` w
p1,1,2q
4 |ΣC4
˘
. (4.30)
We know from (4.28) and (4.29) that
ΣA4 ” p13qΣC4 ` p23qΣC4 `
#
p12qΣC4 mod xp12qy or xp23qy,
ΣC4 mod xp34qy,
and so
w
pi,j,kq
4 |pΣA4 ´ p13qΣC4 ´ p23qΣC4q ”
#
w
pi,j,kq
4 |p12qΣC4 ppi, j, kq P Jq,
w
pi,j,kq
4 |ΣC4 ppi, j, kq “ p1, 1, 2qq,
where J means the set tp2, 1, 1q, p1, 2, 1qu. Therefore we have
ζ˚3 ˝
`
pw
p2,1,1q
4 `w
p1,2,1q
4 q|p12qΣC4 `w
p1,1,2q
4 |ΣC4
˘
“ ζ˚3 ˝ pw
p2,1,1q
4 ` w
p1,2,1q
4 ` w
p1,1,2q
4 q|pΣA4 ´ p13qΣC4 ´ p23qΣC4q.
Substituting this into (4.30) proves (4.10).
We can easily see that
ΣV 04 “ p23qΣxp13qp24qy and ΣV4 “ pe` p123q ` p23qqΣxp13qp24qy ,
which together with (4.25) give
ΣV 04 ΣC04 “ p23qΣC4 and ΣV4ΣC04 “ ΣC4 ` p14qΣC4 ` p23qΣC4 ,
respectively, where we note that p123qΣC4 “ p14qΣC4 by the fourth equation of (4.18). Thus,
applying ΣC04 to both sides of (3.11), we obtain (4.11).
Lastly, we prove (4.12). We can obtain the following identity by applying ΣC4 to both
sides of (3.12):
ζ˚2 b ζ
˚
1
b2|ΣC4 “ ζ
˚
4 |p2ΣS4 ` ΣC4 ´ p13qΣC4q
`ζ˚3 ˝ pw
p2,1,1q
4 ` w
p1,2,1q
4 `w
p1,1,2q
4 q|p2ΣA4 ` p23qΣC4 ´ p14qΣC4q
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´ζ˚3 ˝
`
w
p2,1,1q
4 |p34qΣC4 ` w
p1,2,1q
4 |ΣC4 ` w
p1,1,2q
4 |p12qΣC4
˘
(4.31)
`ζ˚2 ˝
`
w
p2,2q
4 |pΣC4 ` 2p23qΣC04q ` pw
p3,1q
4 ` w
p1,3q
4 q|ΣC4
˘
.
(We will prove (4.31) in Lemma 4.3 below because the proof is not short.) We can also obtain
by (4.27)
p23qΣC4 ` p13qΣC4 ” p14qΣC4 `
$’’&’’%
p34qΣC4 mod xp12qy,
ΣC4 mod xp23qy,
p12qΣC4 mod xp34qy.
Thus, pw
p2,1,1q
4 ` w
p1,2,1q
4 ` w
p1,1,2q
4 q|p13qΣC4 can be expressed as
pw
p2,1,1q
4 ` w
p1,2,1q
4 ` w
p1,1,2q
4 q|p13qΣC4
“ pw
p2,1,1q
4 ` w
p1,2,1q
4 ` w
p1,1,2q
4 q|p´p23qΣC4 ` p14qΣC4q
`pw
p2,1,1q
4 |p34qΣC4 ` w
p1,2,1q
4 |ΣC4 ` w
p1,1,2q
4 |p12qΣC4q,
which gives
ζ˚3 ˝ pw
p2,1,1q
4 ` w
p1,2,1q
4 `w
p1,1,2q
4 q|p2ΣA4 ´ p13qΣC4q
“ ζ˚3 ˝ pw
p2,1,1q
4 ` w
p1,2,1q
4 `w
p1,1,2q
4 q|p2ΣA4 ` p23qΣC4 ´ p14qΣC4q
´ζ˚3 ˝
`
w
p2,1,1q
4 |p34qΣC4 ` w
p1,2,1q
4 |ΣC4 ` w
p1,1,2q
4 |p12qΣC4
˘
.
Combining (4.31) and this equation proves (4.12). l
LEMMA 4.3.
(i) Let σ P tp12q, p23q, p34qu. Then the following congruence equations hold:
ΣW 04ΣC4 ” ΣC4 ` 2p23qΣC04 mod xp12q, p34qy, (4.32)
ΣW 14ΣC4 ” 2ΣA4 ` p23qΣC4 ´ p14qΣC4 mod xσy, (4.33)
ΣW4ΣC4 ” 2ΣS4 ` ΣC4 ´ p13qΣC4 mod xey. (4.34)
(ii) Identity (4.31) holds.
Proof. We first prove the assertion (i). We see from (3.5) and (3.43) that ΣW 04ΣC4 “
p23qΣC4 `p24qΣC4 , and from the third equation of (4.18), we see that p24qΣC4 “ p13qΣC4 . We
thus obtain
ΣW 04ΣC4 “ p13qΣC4 ` p23qΣC4 . (4.35)
Equation (4.35) proves (4.32), since
p13qΣC4 ” p1432q ` p1234q ` e` p13qp24q ” ΣC4 mod xp12q, p34qy,
p23qΣC4 ” 2pp23q ` p134qq ” 2p23qΣC04 mod xp12q, p34qy,
which can be seen from the equivalence classes modulo xp12q, p34qy in Table 1. By virtue of
(4.19), calculations similar to (4.35) show that
ΣW 14ΣC4 “ Σtp34q,p1234q,p1243q,p1324quΣC4 ` ΣW 04ΣC4
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“ pp34qΣC4 ` ΣC4 ` p23qΣC4 ` p12qΣC4q ` pp13qΣC4 ` p23qΣC4q
“ ΣC4 ` p12qΣC4 ` p13qΣC4 ` 2p23qΣC4 ` p34qΣC4 (4.36)
“ ΣS4 ` p23qΣC4 ´ p14qΣC4 ,
and
ΣW4ΣC4 “ Σte4,p13qp24q,p123q,p124q,p234q,p243quΣC4 ` ΣW 14ΣC4
“ pΣC4 ` ΣC4 ` p14qΣC4 ` p34qΣC4 ` p12qΣC4 ` p14qΣC4q
`pΣS4 ` p23qΣC4 ´ p14qΣC4q
“ ΣS4 ` 2ΣC4 ` p12qΣC4 ` p14qΣC4 ` p23qΣC4 ` p34qΣC4 (4.37)
“ 2ΣS4 ` ΣC4 ´ p13qΣC4 .
Then we obtain (4.33) by (4.26) and (4.36), and (4.34) by (4.37).
We now prove the assertion (ii), or (4.31). We can deduce from (4.32), (4.33), and (4.34)
that
ζ˚2 ˝ w
p2,2q
4 |ΣW 04ΣC4 “ ζ
˚
2 ˝ w
p2,2q
4 |pΣC4 ` 2p23qΣC04q, (4.38)
ζ˚3 ˝ w
pi,j,kq
4 |ΣW 14ΣC4 “ ζ
˚
3 ˝ w
pi,j,kq
4 |p2ΣA4 ` p23qΣC4 ´ p14qΣC4q, (4.39)
ζ˚4 |ΣW4ΣC4 “ ζ
˚
4 |p2ΣS4 ` ΣC4 ´ p13qΣC4q, (4.40)
respectively, where pi, j, kq P tp2, 1, 1q, p1, 2, 1q, p1, 1, 2qu. Applying ΣC4 to both sides of (3.12)
and substituting (4.38), (4.39), and (4.40) into it, we obtain
ζ˚2 b ζ
˚
1
b2|ΣC4
“ ζ˚4 |p2ΣS4 ` ΣC4 ´ p13qΣC4q
`ζ˚3 ˝ pw
p2,1,1q
4 ` w
p1,2,1q
4 ` w
p1,1,2q
4 q|p2ΣA4 ` p23qΣC4 ´ p14qΣC4q
´ζ˚3 ˝
`
w
p2,1,1q
4 |p34qΣC4 ` w
p1,2,1q
4 |p1234qΣC4 ` w
p1,1,2q
4 |p1324qΣC4
˘
(4.41)
`ζ˚2 ˝
`
w
p2,2q
4 |pΣC4 ` 2p23qΣC04q ` w
p3,1q
4 |p24qΣC4 ` w
p1,3q
4 |ΣC4
˘
.
We see from the third equation of (4.18) and the equivalence classes modulo xp12q, p123qy in
Table 1 that p24qΣC4 ” p13q`p24q`p12qp34q`p14qp23q ” e`p13qp24q`p1234q`p1432q ” ΣC4
mod xp12q, p123qy, and so
ζ˚2 ˝ w
p3,1q
4 |p24qΣC4 “ ζ
˚
2 ˝ w
p3,1q
4 |ΣC4 .
This equation together with (4.41) proves (4.31), since p1234qΣC4 “ ΣC4 and p1324qΣC4 “
p12qΣC4 by the first and second equations of (4.18), respectively. l
4.2 Proof of Corollary 1.2
Let Pn be the set of partitions of t1, . . . , nu, and let Pn;m be its subset consisting of partitions
Π “ tP1, . . . , Pmu such that the number of the parts is m. Note that Pn “
Ťn
m“1Pn;m. We
identify a partition Π “ ttn
p1q
1 , . . . , n
p1q
a1 u, . . . , tn
pmq
1 , . . . , n
pmq
am uu with
n
p1q
1 . . . n
p1q
a1
| . . . |n
pmq
1 . . . n
pmq
am .
For example, tt1, 2, 3uu “ 123, tt1, 2u, t3uu “ 12|3, and tt1u, t2u, t3uu “ 1|2|3. Let n and n1
be positive integers with n ă n1. For convenience, we embedded Sn into Sn1 in the following
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way: a permutation
`
1 ... n
j1 ... jn
˘
of Sn is identified with the permutation
´
1 ... n n`1 ... n1
j1 ... jn n`1 ... n1
¯
of
Sn1 , which fixes integers between n` 1 and n
1.
We require the following lemmas to prove (1.6) of Corollary 1.2 for n “ 2, 3, and 4. We
assume that ln “ pl1, . . . , lnq P N
n and : P t˚,xu in the lemmas.
LEMMA 4.4 (Case of depth 2).
ζ
:
1
b2
pl2q “
ÿ
ΠPP2;2
ζ
:
1pl2; Πq, (4.42)
pχ:2 ¨ ζ1 ˝ w2qpl2q “
ÿ
ΠPP2;1
ζ
:
1pl2; Πq. (4.43)
LEMMA 4.5 (Case of depth 3).
pζ:1
b3
|ΣS2qpl3q “ 2
ÿ
ΠPP3;3
ζ
:
1pl3; Πq, (4.44)
pζ:2 b ζ
:
1|ΣC3ΣS2qpl3q “ 3
ÿ
ΠPP3;3
ζ
:
1pl3; Πq ´
ÿ
ΠPP3;2
ζ
:
1pl3; Πq, (4.45)
pχ:3 ¨ ζ1 ˝ w3|ΣS2qpl3q “ 2
ÿ
ΠPP3;1
ζ
:
1pl3; Πq. (4.46)
LEMMA 4.6 (Case of depth 4).
pζ:1
b4
|ΣS3qpl4q “ 6
ÿ
ΠPP4;4
ζ
:
1pl4; Πq, (4.47)
pζ:2 b ζ
:
1
b2
|ΣC4ΣS3qpl4q “ 12
ÿ
ΠPP4;4
ζ
:
1pl4; Πq ´ 2
ÿ
ΠPP4;3
ζ
:
1pl4; Πq, (4.48)
pζ:2
b2
|ΣC04ΣS3qpl4q “ 3
ÿ
ΠPP4;4
ζ
:
1pl4; Πq ´
ÿ
ΠPP4;3
ζ
:
1pl4; Πq `
ÿ
ΠPP
p2,2q
4;2
ζ
:
1pl4; Πq, (4.49)
pζ:3 b ζ
:
1|ΣC4ΣS3qpl4q “ 4
ÿ
ΠPP4;4
ζ
:
1pl4; Πq ´ 2
ÿ
ΠPP4;3
ζ
:
1pl4; Πq ` 2
ÿ
ΠPP
p3,1q
4;2
ζ
:
1pl4; Πq, (4.50)
pχ:4 ¨ ζ1 ˝ w4|ΣS3qpl4q “ 6
ÿ
ΠPP4;1
ζ
:
1pl4; Πq, (4.51)
where P
p2,2q
4;2 and P
p3,1q
4;2 in (4.49) and (4.50) are subsets in P4;2 defined by
P
p2,2q
4;2 :“ t12|34, 13|24, 14|23u and P
p3,1q
4;2 :“ t123|4, 124|3, 134|2, 234|1u,
respectively. Note that P4;2 “ P
p2,2q
4;2 Y P
p3,1q
4;2 .
We will give proofs of (1.6) for n “ 2, 3, and 4 before discussing those of the lemmas.
Proof of (1.6) for n “ 2. Substituting (4.42) and (4.43) into the right-hand side of (1.1)
yields
pζ:2|ΣS2qpl2q “
ÿ
ΠPP2;2
ζ
:
1pl2; Πq ´
ÿ
ΠPP2;1
ζ
:
1pl2; Πq,
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since C2 “ S2 and χ
:
2pl2qζ1pL2q “ pχ
:
2 ¨ ζ1 ˝ w2qpl2q. We have by definition (see (1.4))
c˜2pΠq “
#
1 pΠ P P2;2q,
´1 pΠ P P2;1q,
and thus we obtain by P2 “
Ť2
m“1P2;m
pζ:2 |ΣS2qpl2q “
ÿ
ΠPP2
c˜2pΠqζ
:
1pl2; Πq,
which proves (1.6) for n “ 2. l
Proof of (1.6) for n “ 3. Applying ΣS2 to both sides of (1.2), we obtain
pζ:3 |ΣS3qpl3q “ ´pζ
:
1
b3
|ΣS2qpl3q ` pζ
:
2 b ζ
:
1|ΣC3ΣS2qpl3q ` pχ
:
3 ¨ ζ1 ˝ w3|ΣS2qpl3q,
where we have used ΣS3 “ ΣC3ΣS2 on the left-hand side of this equation. Substituting (4.44),
(4.45), and (4.46) into the right-hand side of this equation yields
pζ:3|ΣS3qpl3q “
ÿ
ΠPP3;3
ζ
:
1pl3; Πq ´
ÿ
ΠPP3;2
ζ
:
1pl3; Πq ` 2
ÿ
ΠPP3;1
ζ
:
1pl3; Πq,
which proves (1.6) for n “ 3, since
c˜3pΠq “
$’’&’’%
1 pΠ P P3;3q,
´1 pΠ P P3;2q,
2 pΠ P P3;1q,
and P3 “
Ť3
m“1P3;m. l
Proof of (1.6) for n “ 4. We see can from (4.18) and (4.19) that ΣS4 “ ΣS3ΣC4 . Taking
the inverses of both sides of this equation, we obtain ΣS4 “ ΣC4ΣS3 . Thus, applying ΣS3 to
both sides of (1.3) and combining the identities in Lemma 4.6 (or considering (4.47) ´ (4.48)
` (4.49) ` (4.50) ´ (4.51)), we can obtain
pζ:4|ΣS4qpl4q “
ÿ
ΠPP4;4
ζ
:
1pl4; Πq ´
ÿ
ΠPP4;3
ζ
:
1pl4; Πq `
ÿ
ΠPP
p2,2q
4;2
ζ
:
1pl4; Πq ` 2
ÿ
ΠPP
p3,1q
4;2
ζ
:
1pl4; Πq
´6
ÿ
ΠPP4;1
ζ
:
1pl4; Πq,
which proves (1.6) for n “ 4, since
c˜4pΠq “
$’’’’’’’’&’’’’’’’’%
1 pΠ P P4;4q,
´1 pΠ P P4;3q,
1 pΠ P P
p2,2q
4;2 q,
2 pΠ P P
p3,1q
4;2 q,
´6 pΠ P P4;1q,
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P4;2 “ P
p2,2q
4;2 Y P
p3,1q
4;2 , and P4 “
Ť4
m“1P4;m. l
Recall that ζ1p1q “ ζ
:
1p1q “ 0 and ζ1pkq “ ζ
:
1pkq. By the definition of χ
:
1,
χ
:
1pkqζ1pkq “ ζ
:
1pkq
for any positive integer k; this will be used repeatedly below.
We now give proofs of Lemmas 4.4, 4.5, and 4.6.
Proof of Lemma 4.4. We have P2;2 “ t1|2u and P2;1 “ t12u by definition. Thus,ÿ
ΠPP2;2
ζ
:
1pl2; Πq “ χ
:
1pl1qζ1pl1qχ
:
1pl2qζ1pl2q “ ζ
:
1
b2
pl2q,
ÿ
ΠPP2;1
ζ
:
1pl2; Πq “ χ
:
2pl1, l2qζ1pl1 ` l2q “ pχ
:
2 ¨ ζ1 ˝ w2qpl2q,
which prove (4.42) and (4.43), respectively. l
Proof of Lemma 4.5. We have P3;3 “ t1|2|3u, P3;2 “ t12|3, 13|2, 23|1u, and P3;1 “ t123u by
definition. In particular, P3;2 is expressed as
Ť
σPC3
tσ´1p1qσ´1p2q|σ´1p3qu, and soÿ
ΠPP3;2
ζ
:
1pl3; Πq “
ÿ
σPC3
χ
:
2plσ´1p1q, lσ´1p2qqζ1plσ´1p1q ` lσ´1p2qqχ
:
1plσ´1p3qqζ1plσ´1p3qq.
Thus, ÿ
ΠPP3;3
ζ
:
1pl3; Πq “ ζ
:
1
b3
pl3q, (4.52)
ÿ
ΠPP3;2
ζ
:
1pl3; Πq “ ppχ
:
2 ¨ ζ
:
1 ˝ w2q b ζ
:
1|ΣC3qpl3q, (4.53)
ÿ
ΠPP3;1
ζ
:
1pl3; Πq “ pχ
:
3 ¨ ζ1 ˝ w3qpl3q. (4.54)
Since ζ:1
b3
is invariant under S3, we have pζ
:
1
b3
|ΣS2qpl3q “ 2ζ
:
1
b3
pl3q, which together
with (4.52) proves (4.44). Similarly, we have pχ:3 ¨ ζ1 ˝ w3|ΣS2qpl3q “ 2χ
:
3 ¨ ζ1 ˝ w3pl3q, which
together with (4.54) proves (4.46). We know from (1.1) that
ζ
:
2|ΣS2 “ ζ
:
1
b2
´ χ:2 ¨ ζ1 ˝ w2. (4.55)
Since C3S2 “ S2C3,
ζ
:
2 b ζ
:
1|ΣC3ΣS2 “ pζ
:
2 b ζ
:
1|ΣS2q|ΣC3
“ pζ:1
b3
´ pχ:2 ¨ ζ1 ˝ w2q b ζ
:
1q|ΣC3
“ 3ζ:1
b3
´ pχ:2 ¨ ζ1 ˝ w2q b ζ
:
1|ΣC3 ,
which together with (4.52) and (4.53) proves (4.45), and completes the proof. l
Proof of Lemma 4.6. Let A04 be the subset of A4 given by
A04 “ te, p13qp24q, p123q, p132q, p142q, p234qu “ xp13qp24qyC3 .
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Note that ΣA4 “ Σxp12qp34qyΣA04 . We can see from the definitions of P4;m and P
pi,jq
4;2 that
P4;4 “ t1|2|3|4u,
P4;3 “
Ť
σPA04
tσ´1p1qσ´1p2q|σ´1p3q|σ´1p4qu,
P
p2,2q
4;2 “
Ť
σPC3
tσ´1p1qσ´1p2q|σ´1p3qσ´1p4qu,
P
p3,1q
4;2 “
Ť
σPC4
tσ´1p1qσ´1p2qσ´1p3q|σ´1p4qu,
P4;1 “ t1234u.
Thus, ÿ
ΠPP4;4
ζ
:
1pl4; Πq “ ζ
:
1
b4
pl4q, (4.56)
ÿ
ΠPP4;3
ζ
:
1pl4; Πq “ ppχ
:
2 ¨ ζ1 ˝ w2q b ζ
:
1
b2
|ΣA04qpl4q, (4.57)ÿ
ΠPP
p2,2q
4;2
ζ
:
1pl4; Πq “ ppχ
:
2 ¨ ζ1 ˝ w2q
b2|ΣC3qpl4q, (4.58)
ÿ
ΠPP
p3,1q
4;2
ζ
:
1pl4; Πq “ ppχ
:
3 ¨ ζ1 ˝ w3q b ζ
:
1|ΣC4qpl4q, (4.59)
ÿ
ΠPP4;1
ζ
:
1pl4; Πq “ pχ
:
4 ¨ ζ1 ˝ w4qpl4q. (4.60)
Since ζ:1
b4
and χ:4 ¨ ζ1 ˝ w4 are invariant under S4, we have pζ
:
1
b4
|ΣS3qpl4q “ 6ζ
:
1
b4
pl4q
and pχ:4 ¨ ζ1 ˝ w4|ΣS3qpl4q “ 6χ
:
4 ¨ ζ1 ˝ w4pl4q, which together with (4.56) and (4.60) prove
(4.47) and (4.51), respectively.
We now prove (4.48). We can easily see that ΣS4 “ ΣC4ΣS3 “ ΣS2ΣA4 , and so, by
(4.55),
ζ
:
2 b ζ
:
1
b2
|ΣC4ΣS3 “ pζ
:
2 b ζ
:
1
b2
|ΣS2q|ΣA4
“ pζ:1
b4
´ pχ:2 ¨ ζ1 ˝ w2q b ζ
:
1
b2
q|ΣA4 (4.61)
“ 12ζ:1
b4
´ pχ:2 ¨ ζ1 ˝ w2q b ζ
:
1
b2
|ΣA4 .
Since ΣA4 “ Σxp12qp34qyΣA04 and pχ
:
2 ¨ ζ1 ˝ w2q b ζ
:
1
b2
is invariant under xp12qp34qy,
pχ:2 ¨ ζ1 ˝ w2q b ζ
:
1
b2
|ΣA4 “ 2pχ
:
2 ¨ ζ1 ˝ w2q b ζ
:
1
b2
|ΣA04 . (4.62)
Combining (4.61) and (4.62), we obtain
ζ
:
2 b ζ
:
1
b2
|ΣC4ΣS3 “ 12ζ
:
1
b4
´ 2pχ:2 ¨ ζ1 ˝ w2q b ζ
:
1
b2
|ΣA04 ,
which together with (4.56) and (4.57) proves (4.48).
We now prove (4.49). For this, we require the identity
ζ
:
2
b2
|ΣC04ΣS3 “ pζ
:
2|Σxp12qy b ζ
:
2|Σxp34qyq|ΣC3 , (4.63)
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which can be verified as follows. A direct calculation shows that
Σxp12q,p34qyΣC3 “ pe` p12q ` p34q ` p12qp34qqpe ` p123q ` p132qq
“ e` p12q ` p13q ` p23q ` p34q ` p12qp34q
`p123q ` p132q ` p143q ` p243q ` p1243q ` p1432q.
From this equation and the equivalence classes modulo xp13qp24qy in Table 1, we see that
ΣS4 ” 2Σxp12q,p34qyΣC3 mod xp13qp24qy.
We also see from ΣS4 “ ΣC4ΣS3 and (4.25) that ΣS4 ” 2ΣC04ΣS3 mod xp13qp24qy, and so
ΣC04ΣS3 ” Σxp12q,p34qyΣC3 mod xp13qp24qy,
which verifies (4.63), since ζ:2
b2
is invariant under xp13qp24qy. Then, by (4.55), the right-hand
side of (4.63) is calculated as
(RHS of (4.63))
“ pζ:1
b2
´ χ:2 ¨ ζ1 ˝ w2q b pζ
:
1
b2
´ χ:2 ¨ ζ1 ˝ w2q|ΣC3
“ tζ:1
b4
´ pχ:2 ¨ ζ1 ˝ w2q b ζ
:
1
b2
´ ζ:1
b2
b pχ:2 ¨ ζ1 ˝ w2q ` pχ
:
2 ¨ ζ1 ˝ w2q
b2u|ΣC3
“ 3ζ:1
b4
´ pχ:2 ¨ ζ1 ˝ w2q b ζ
:
1
b2
|Σxp13qp24qyΣC3 ` pχ
:
2 ¨ ζ1 ˝ w2q
b2|ΣC3 .
Since Σxp13qp24qyΣC3 “ ΣA04 , (4.63) can be restated as
ζ
:
2
b2
|ΣC04ΣS3 “ 3ζ
:
1
b4
´ pχ:2 ¨ ζ1 ˝ w2q b ζ
:
1
b2
|ΣA04 ` pχ
:
2 ¨ ζ1 ˝ w2q
b2|ΣC3 ,
which together with (4.56), (4.57), and (4.58) proves (4.49).
We lastly prove (4.50) in a similar way to (4.49). We require the identity
ζ
:
3 b ζ
:
1|ΣC4ΣS3 “ 4ζ
:
1
b4
´ 2χ:2 ¨ pζ
:
2 ˝ w2q b ζ
:
1
b2
|ΣA04 ` 2pχ
:
3 ¨ ζ1 ˝ w3q b ζ
:
1|ΣC4 , (4.64)
which can be verified as follows. Identity (1.6) for n “ 3 can be restated as
ζ
:
3|ΣS3 “ ζ
:
1
b3
´ pχ:2 ¨ ζ
:
1 ˝ w2q b ζ
:
1|ΣC3 ` 2χ
:
3 ¨ ζ1 ˝ w3,
because of (4.52), (4.53), and (4.54). A direct calculation shows that
ΣC3ΣC4 “ e` p14q ` p34q ` p13qp24q ` p123q ` p124q ` p132q ` p243q
`p1234q ` p1342q ` p1423q ` p1432q,
and so we see from the equivalence classes modulo xp12q, p34qy in Table 1 that
ΣC3ΣC4 ” 2ΣA04 mod xp12q, p34qy.
Since ΣC4ΣS3 “ ΣS3ΣC4 , we thus have
ζ
:
3 b ζ
:
1|ΣC4ΣS3 “ pζ
:
3 |ΣS3q b ζ
:
1|ΣC4
“ ζ:1
b4
|ΣC4 ´ pχ
:
2 ¨ ζ
:
1 ˝ w2q b ζ
:
1
b2
|ΣC3ΣC4 ` 2pχ
:
3 ¨ ζ1 ˝ w3q b ζ
:
1|ΣC4
“ 4ζ:1
b4
´ 2χ:2 ¨ pζ
:
2 ˝ w2q b ζ
:
1
b2
|ΣA04 ` 2pχ
:
3 ¨ ζ1 ˝ w3q b ζ
:
1|ΣC4 ,
which verifies (4.64). Then, combining (4.56), (4.57), (4.59), and (4.64), we obtain (4.50),
which completes the proof. l
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Table 2: Examples of (1.2) (or (5.1))
Index set Linear relation
(1,1,1) 3ζ
:
3
p1, 1, 1q “ χ:
3
p1, 1, 1qζ1p3q. (d3-1)
(1,1,2) ζ
:
3
p1, 1, 2q ` ζ:
3
p1, 2, 1q ` ζ3p2, 1, 1q “ ζ
:
2
p1, 1qζ1p2q ` ζ1p4q. (d3-2)
(1,1,3) ζ
:
3
p1, 1, 3q ` ζ:
3
p1, 3, 1q ` ζ3p3, 1, 1q “ ζ
:
2
p1, 1qζ1p3q ` ζ1p5q, (d3-3)
(1,2,2) ζ
:
3
p1, 2, 2q ` ζ3p2, 2, 1q ` ζ3p2, 1, 2q “ ´ζ1p2qζ1p3q ` ζ1p5q. (d3-4)
(1,1,4) ζ
:
3
p1, 1, 4q ` ζ:
3
p1, 4, 1q ` ζ3p4, 1, 1q “ ζ
:
2
p1, 1qζ1p4q ` ζ1p6q, (d3-5)
(1,2,3) ζ
:
3
p1, 2, 3q ` ζ3p2, 3, 1q ` ζ3p3, 1, 2q “ ζ
:
2
p1, 2qζ1p3q ` ζ2p3, 1qζ1p2q ` ζ1p6q, (d3-6)
(1,3,2) ζ
:
3
p1, 3, 2q ` ζ3p3, 2, 1q ` ζ3p2, 1, 3q “ ζ
:
2
p1, 3qζ1p2q ` ζ2p2, 1qζ1p3q ` ζ1p6q, (d3-7)
(2,2,2) 3ζ3p2, 2, 2q “ ´ζ1p2q
3 ` 3ζ2p2, 2qζ1p2q ` ζ1p6q. (d3-8)
Table 3: Examples of (1.6) for n “ 3
Index set Linear relation
(1,1,1) 6ζ
:
3
p1, 1, 1q “ 2χ
:
3
p1, 1, 1qζ1p3q. (d3’-1)
(1,1,2) 2pζ:
3
p1, 1, 2q ` ζ:
3
p1, 2, 1q ` ζ3p2, 1, 1qq “ ´χ
:
2
p1, 1qζ1p2q
2 ` 2ζ1p4q. (d3’-2)
(1,1,3) 2pζ:
3
p1, 1, 3q ` ζ:
3
p1, 3, 1q ` ζ3p3, 1, 1qq “ ´χ
:
2
p1, 1qζ1p2qζ1p3q ` 2ζ1p5q, (d3’-3)
(1,2,2) 2pζ:
3
p1, 2, 2q ` ζ3p2, 2, 1q ` ζ3p2, 1, 2qq “ ´2ζ1p2qζ1p3q ` 2ζ1p5q. (d3’-4)
(1,1,4) 2pζ
:
3
p1, 1, 4q ` ζ
:
3
p1, 4, 1q ` ζ3p4, 1, 1qq “ ´χ
:
2
p1, 1qζ1p2qζ1p4q ` 2ζ1p6q, (d3’-5)
(1,2,3) ζ
:
3
p1, 2, 3q ` ζ:
3
p1, 3, 2q ` ζ3p2, 1, 3q ` ζ3p2, 3, 1q ` ζ3p3, 1, 2q ` ζ3p3, 2, 1q
“ ´pζ1p2qζ1p4q ` ζ1p3q
2q ` 2ζ1p6q, (d3’-6)
(2,2,2) 6ζ3p2, 2, 2q “ ζ1p2q
3 ´ 3ζ1p2qζ1p4q ` 2ζ1p6q. (d3’-7)
Table 4: Examples of (1.3) (or (5.2))
Index set Linear relation
(1,1,1,1) 4ζ
:
4
p1, 1, 1, 1q “ 2ζ:
2
p1, 1q2 ´ χ:
4
p1, 1, 1, 1qζ1p4q. (d4-1)
(1,1,1,2) ζ
:
4
p1, 1, 1, 2q ` ζ:
4
p1, 1, 2, 1q ` ζ:
4
p1, 2, 1, 1q ` ζ4p2, 1, 1, 1q “ ´ζ
:
2
p1, 1qζ1p3q ` ζ
:
3
p1, 1, 1qζ1p2q ´ ζ1p5q. (d4-2)
(1,1,1,3) ζ
:
4
p1, 1, 1, 3q ` ζ
:
4
p1, 1, 3, 1q ` ζ
:
4
p1, 3, 1, 1q ` ζ4p3, 1, 1, 1q “ ´ζ
:
2
p1, 1qζ1p4q ` ζ
:
3
p1, 1, 1qζ1p3q ´ ζ1p6q, (d4-3)
(1,1,2,2) ζ
:
4
p1, 1, 2, 2q ` ζ4p1, 2, 2, 1q ` ζ
:
4
p2, 2, 1, 1q ` ζ:
4
p2, 1, 1, 2q
“ ´ζ
:
2
p1, 1qζ1p2q
2 ` ζ
:
2
p1, 1qζ2p2, 2q ` ζ
:
2
p1, 2qζ2p2, 1q ` pζ
:
3
p1, 1, 2q ` ζ3p2, 1, 1qqζ1p2q ´ ζ1p6q, (d4-4)
(1,2,1,2) 2pζ:
4
p1, 2, 1, 2q ` ζ4p2, 1, 2, 1qq “ ζ
:
2
p1, 2q2 ` ζ2p2, 1q
2 ` 2ζ:
3
p1, 2, 1qζ1p2q ´ ζ1p6q. (d4-5)
Table 5: Examples of (1.6) for n “ 4
Index set Linear relation
(1,1,1,1) 24ζ
:
4
p1, 1, 1, 1q “ 3χ:
2
p1, 1qζ1p2q
2 ´ 6χ:
4
p1, 1, 1, 1qζ1p4q. (d4’-1)
(1,1,1,2) 6pζ:
4
p1, 1, 1, 2q ` ζ:
4
p1, 1, 2, 1q ` ζ:
4
p1, 2, 1, 1q ` ζ4p2, 1, 1, 1qq
“ 3χ:
2
p1, 1qζ1p2qζ1p3q ` 2χ
:
3
p1, 1, 1qζ1p2qζ1p3q ´ 6ζ1p5q. (d4’-2)
(1,1,1,3) 6pζ
:
4
p1, 1, 1, 3q ` ζ
:
4
p1, 1, 3, 1q ` ζ
:
4
p1, 3, 1, 1q ` ζ4p3, 1, 1, 1qq
“ 3χ:
2
p1, 1qζ1p2qζ1p4q ` 2χ
:
3
p1, 1, 1qζ1p3q
2 ´ 6ζ1p6q, (d4’-3)
(1,1,2,2) 4pζ
:
4
p1, 1, 2, 2q ` ζ4p1, 2, 1, 2q ` ζ4p1, 2, 2, 1q ` ζ
:
4
p2, 1, 1, 2q ` ζ
:
4
p2, 1, 2, 1q ` ζ
:
4
p2, 2, 1, 1qq
“ ´χ:
2
p1, 1qζ1p2q
3 ` pχ:
2
p1, 1q ` 4qζ1p2qζ1p4q ` 2ζ1p3q
2 ´ 6ζ1p6q. (d4’-4)
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5 Examples
We list examples of (1.2) and (1.3) in Table 2 and Table 4, respectively. We also list examples
of (1.6) for n “ 3 and n “ 4 in Table 3 and Table 5, respectively, for comparison. The
examples treat the case of weights less than 7. We omit examples of (1.1) and (1.6) for n “ 2
because they are essentially the harmonic relations. The following straightforward expressions
of (1.2) and (1.3) are convenient for calculating the examples in Table 2 and Table 4:
ζ
:
3pl1, l2, l3q ` ζ
:
3pl2, l3, l1q ` ζ
:
3pl3, l1, l2q
“ ´ζ:1pl1qζ
:
1pl2qζ
:
1pl3q
`ζ:2pl1, l2qζ
:
1pl3q ` ζ
:
2pl2, l3qζ
:
1pl1q ` ζ
:
2pl3, l1qζ
:
1pl2q (5.1)
`χ:3pl1, l2, l3qζ1pl1 ` l2 ` l3q,
and
ζ
:
4pl1, l2, l3, l4q ` ζ
:
4pl2, l3, l4, l1q ` ζ
:
4pl3, l4, l1, l2q ` ζ
:
4pl4, l1, l2, l3q
“ ζ:1pl1qζ
:
1pl2qζ
:
1pl3qζ
:
1pl4q
´ζ:2pl1, l2qζ
:
1pl3qζ
:
1pl4q ´ ζ
:
2pl2, l3qζ
:
1pl4qζ
:
1pl1q
´ζ:2pl3, l4qζ
:
1pl1qζ
:
1pl2q ´ ζ
:
2pl4, l1qζ
:
1pl2qζ
:
1pl3q (5.2)
`ζ:2pl1, l2qζ
:
2pl3, l4q ` ζ
:
2pl2, l3qζ
:
2pl4, l1q
`ζ:3pl1, l2, l3qζ
:
1pl4q ` ζ
:
3pl2, l3, l4qζ
:
1pl1q ` ζ
:
3pl3, l4, l1qζ
:
1pl2q ` ζ
:
3pl4, l1, l2qζ
:
1pl3q
´χ:4pl1, l2, l3, l4qζ1pl1 ` l2 ` l3 ` l4q.
We note that we have used ζ:1p1q “ 0 for all equations in the tables, and ζ
:
2p1, kq ` ζ
:
2pk, 1q “
´ζ1pk ` 1q pk ą 1q for (d3-4), (d4-2), and (d4-3).
Lastly, we derive the following from (d3-1) and (d4-1) as applications of examples:
ζx3 p1, 1, 1q “ ζ
x
4 p1, 1, 1, 1q “ 0, (5.3)
ζ˚3 p1, 1, 1q “
1
3
ζ1p3q, (5.4)
ζ˚4 p1, 1, 1, 1q “
1
16
ζ1p4q. (5.5)
We can easily obtain (5.3) from (d3-1) and (d4-1), since χxn p1, . . . , 1q “ 0 and ζ
x
2 p1, 1q “ 0.
We can also obtain (5.4) from (d3-1) because χ˚np1, . . . , 1q “ 1. We see from (3.73) and (d4-1)
that 4ζ˚4 p1, 1, 1, 1q “ 2ζ
˚
2 p1, 1q
2 ´ ζ1p4q “
1
2
ζ1p2q
2 ´ ζ1p4q, which together with (3.67) proves
(5.5).
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